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Abstract. In two articles ([L2], [L3]), Franck Lesieur had intro- 
duced a notion of quantum groupoid, in the setting of von Neu- 
mann algebras, using intensively the notion of pseudo- multiplicative 
unitary, which had been introduced in a previous article of the au- 
thor, in collaboration with Jean-Michel Vallin [EV]. We are here 
studying the analog of Lesieur's construction in a C*-framework, 
when the basis of the quantum groupoid is central; in this case, 
the C* structure obtained can be described using the tools of con- 
tinuous fields of C*-algebras. This allows us to re-use as quantum 
groupoids some examples introduced by Blanchard. 
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I. Introduction 

1.1. In two articles ([Val2], [Val3]), J.-M. Vallin has introduced two 
notions (pseudo-multiplicative unitary, Hopf-bimodule), in order to 
generalize, up to the groupoid case, the classical notions of multiplica- 
tive unitary [BS] and of Hopf-von Neumann algebras [ES] which were 
introduced to describe and explain duality of groups, and leaded to 
appropriate notions of quantum groups ([ES], [Wl], [W2], [BS], [MN], 
[W3], [KV1], [KV2], [MNW]). 

In another article [EV], J.-M. Vallin and the author have constructed, 
from a depth 2 inclusion of von Neumann algebras M C Mi, with an 
operator-valued weight Ti verifying a regularity condition, a pseudo- 
multiplicative unitary, which leaded to two structures of Hopf bimod- 
ules, dual to each other. Moreover, we have then construct an action 
of one of these structures on the algebra Mi such that M is the fixed 
point subalgebra, the algebra Mi given by the basic construction being 
then isomorphic to the crossed-product. We construct on Mi an action 
of the other structure, which can be considered as the dual action. 
If the inclusion M C M x is irreducible, we recovered quantum groups, 
as proved and studied in former papers ([EN], [El]). 
Therefore, this construction leads to a notion of "quantum groupoid", 
and a construction of a duality within "quantum groupoids". 

1.2. In a finite-dimensional setting, this construction can be mostly 
simplified, and is studied in [NV1], [BSzl], [BSz2], [Sz],[val4], [Val5], 
and examples are described. In [NV2], the link between these "finite 
quantum groupoids" and depth 2 inclusions of ll\ factors is given. 

1.3. Franck Lesieur introduced in his thesis [LI] a notion of "mea- 
sured quantum groupoids", in which a modular hypothesis on the ba- 
sis is required. Mimicking in a wider setting the technics of Kuster- 
mans and Vaes [KV] , he obtained then a pseudo- multiplicative unitary, 
which, as in the quantum group case, "contains" all the information 
of the object (the von Neuman algebra, the coproduct, the antipod, 
the co-inverse). This construction will be published in an article [L2]. 
Unfortunately, the axioms chosen by Lesieur don't fit perfectely with 
the duality (namely, the dual object doesnot fit the modular condition 
on the basis chosen in [LI] and [L2]), and, for this purpose, Lesieur 
had to define a wider class, called the "generalized measured quantum 
groupoids" , whose axioms could be described as the analog of [MNW] , 
in which a duality is defined and studied. In [E3] had been shown that, 
with suitable conditions, the objects constructed in [EV] from depth 2 
inclusions, are "generalized measured quantum groupoids". 

1.4. All these constructions had been made in a von Neumann setting, 
which was natural, once we are dealing with (or thinking of) depth 2 
inclusions of von Neumann algebras. But, as for quantum groups, a 
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C*-version of this theory is to be done, at least to obtain quantum ob- 
jects similar to locally compact groupoids. Many difficulties exist on 
that direction : how to define a relative C*-tensor product ? how to 
define the analog of operator-valued weights at the C* level ? 
This article is just a first step in that direction, and is devoted only to 
the special case when the basis of the measured quantum groupoid is 
central. 

In that case, we get closed links with the theory of continuous fields 
of C*-algebras, as studied by E. Blanchard; using this theory and for- 
malism, we give then a definition of C*-quantum groupoid with central 
basis. A procedure is given to associate to such an object a measured 
quantum groupoid (with a central basis). Conversely, any measured 
quantum groupoid, with a central basis, contains as a sub-C*-algebra 
a C*-quantum groupoid with central basis; but this last construction 
is far from being unique; as an example, one must think that finding 
a dense sub-C*-algebra of an abelian von Neumann algebra is just a 
particular case of the problem. 

1.5. The paper is organized as follows : in chapter we give all the 
preliminaries needed for that theory, mostly Connes-Sauvageot relative 
tensor product, weights and operator- valued weights on C*-algebras, 
and Hopf-bimodules; in chapter |3] is recalled the notion of a pseudo- 
multiplicative unitary, and the Hopf-bimodules associated. In chapter 
El is recalled the notion of measured quantum groupoid (and of gener- 
alized measured quantum groupoid), as defined by Lesieur. We show 
that, when the basis is central, the norm closed algebra A n (W), which 
had been defined in [E2], is a C*-algebra invariant by all the data of 
the generalized quantum groupoid. 

In chapter E3 we introduce a notion of "measured continuous field of 
C*-algebras" , which occurs when the basis is central, and this case is 
studied in details in chapter El In particular, we look after a mea- 
sured quantum groupoid, whose underlying von Neuman algebra itself 
is abelian; it is then proved that we obtain, in that case, locally com- 
pact groupoids. Using the constructions made in chapter we give, 
in chapter a defintion of a C*-quantum groupoid, in the case of a 
central basis, and we show how to construct then a measured quantum 
groupoid. We finish this article (chapter ^ by applying this construc- 
tion to define a notion of continuous fields of locally compact quantum 
groups, which was underlying in Blanchard's work [B2]; these are ex- 
actly the measured quantum groupoids with central basis, and with a 
dual which has also a central basis. Blanchard's examples are recalled. 

1.6. The author is mostly indebted to E. Blanchard, F. Lesieur, S. 
Vaes, L. Vamerman and J.-M. Vallin for many fruitful conversations. 
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2. Preliminaries 

In this chapter are mainly recalled definitions and notations about 
Connes' spatial theory (j2.11 12. 3|) and the fiber product construction 
(|2.4[ I2.6|) which are the main technical tools of the theory of measured 
quantum theory. The definition of Hopf-bimodules is given (|2.5jl . 
In 12 .81 are recalled classical results about weights on C*-algebras, and a 
standard procedure is defined to go from C*-algebra weight theory to 
von Neumann weight theory and vice versa. 

2.1. Spatial theory [CI], [S2], [T]. Let iV be a von Neumann alge- 
bra, and let tp be a faithful semi-finite normal weight on N; let 9^, SDT^,, 
Hip, 7r^, A^,, J^, A^,... be the canonical objects of the Tomita-Takesaki 
construction associated to the weight ip. Let a be a non-degenerate 
normal representation of iV on a Hilbert space TC. We may as well 
consider TC as a left iV-module, and write it then a TC. Following ([CI], 
definition 1), we define the set of -^-bounded elements of a TC as : 

D{ a H^) = {ZeH;3C< oo, \\a(y)Z\\ < C||A^(y)||, Wy G 0^} 

Then, for any £ in D( a TC,ijj), there exists a bounded operator i? Q '^(£) 
from if^, to TC, defined, for all y in DT^ by : 

R a ^(0My) = <*(y)£ 

If there is no ambiguity about the representation a, we shall write 
instead of R a, ^(£). This operator belongs to Homjsi^H^^TC)] 
therefore, for any £, 77 in D( a TC,i(}), the operator : 

belongs to a(N)'] moreover, D( a TC,ip) is dense ([CI], lemma 2), stable 
under a(N)', and the linear span generated by the operators 9 a '^(^,r]) 
is a weakly dense ideal in a(N)'. We shall write JC a ^ the norm closure 
of this ideal, which is also weakly dense in a(N)'. 
With the same hypothesis, the operator : 

belongs to ir^(N)'. Using Tomita-Takesaki's theory, this last algebra is 
equal to J^7T^(N)J^, and therefore anti-isomorphic to iV (or isomorphic 
to the opposite von Neumann algebra N°). We shall consider now 
< £, 77 >a,j/j as an element of N°, and the linear span generated by 
these operators is a dense algebra in N°. More precisely ([C], lemma 
4, and [SI], lemme 1.5), we get that < £, 77 >° ^ belongs to Wt^, and 
that : 

A4<^v>° a ^) = ^R a 'H0*v 

If y in N is analytical with respect to if), and if £ G D( a TC, ip), then we 
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get that a(y)£ belongs to D( a TC,ip) and that : 

i2°"*(«(v)0 = R a ^(OM% 2 (y*)^ 
So, if 77 is another -^-bounded element of a Tl, we get : 
< <x(y)£,ri >°^= af /2 (y) < £77 >° a ^ 

There exists ([C], prop. 3) a family (ei) ie i of -^-bounded elements of a 7i, 
such that 

^r^(e,,e,) = l 

j 

Such a family will be called an (a, ^)-basis of 7i. 

In that situation, let us consider, for all n G N and finite J C I with 
\J\ = n, the (l,n) matrix i?j = ( J R a ^(e i )) ie j. As RjR} < 1, we get 
that ||-Rj|| < 1, and that the (n, n) matrix (< e^, > a ,v)i,jeJ e M n (N°) 
is less than the unit matrix. 

It is possible ([EN] 2.2) to construct an (a, ■0)-basis of 7i, (ej) i6 j, 
such that the operators R a, ^(ei) are partial isometries with final sup- 
ports 9 a, ^(ei,ei) 2 by 2 orthogonal, and such that, if i ^ j, then 
< ei,ej > a ,ii>= 0. Such a family will be called an (a, ip) -orthogonal 
basis of H. 
We have, then : 

i i 

< f , ?7 >M>= < ^ ei > «-V' < e * >a >i> 

i 

t = Y^IT>*(e i )J+A i ,(<t,e i >° ;V) ) 

the sums being weakly convergent. Moreover, we get that, for all n in 
N, 9 a '^(ei, ei)a(n)ei = a(n)ei, and 9 a '^(ei, e,) is the orthogonal projec- 
tion on the closure of the subspace {a(n)ei,n e A}. 
Let /3 be a normal non-degenerate anti-representation of A on 7i. We 
may then as well consider 7i as a right A- module, and write it Tip, or 
consider /3 as a normal non-degenerate representation of the opposite 
von Neumann algebra A°, and consider H as a left A°- module. 
We can then define on N° the opposite faithful semi-finite normal 
weight we have OT^o = Ot^, and the Hilbert space if^o will be, 
as usual, identified with H^, by the identification, for all x in 9^, of 
A^,o(x*) with J^A^(x). 

From these remarks, we infer that the set of ■^''-bounded elements of 
Hp is : 

D(Hp,r) = {teH;BC< oc, < C||A^(y)||, Vy e %/,} 
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and, for any £ in D(Hp, ip°) and y in 9t^, the bounded operator i? /3 '^°(£) 
is given by the formula : 

This operator belongs to Hom^o{H^,,l-C). Moreover, D(Ti,p,ip°) is 
dense, stable under f3(N)' = P, and, for all y in P, we have : 

R M °(yO = yR M °(0 

Then, for any £, 77 in D(Ti.p,ip°), the operator 

9W(Z,ri) = RW(Z)RW(ri)* 

belongs to P, and the linear span generated by these operators is a 
dense ideal in P; moreover, the operator-valued product < £,77 >p$°= 
RP^° (rj)*RP^° (g) belongs to tc^(N); we shall consider now, for simpli- 
fication, that < £,77 >p,ip° belongs to N, and the linear span generated 
by these operators is a dense algebra in N, stable under multiplication 
by analytic elements with respect to ip. More precisely, < £,77 >p,ip° 
belongs to ^ffl^, ([C], lemma 4) and we have ([SI], lemme 1.5) 

A4<H,v>M°) = R M °(vyn 

A 7/>°)-basis of is a family (ej) ie / of -^"-bounded elements of Hp, 
such that 

^^°( ei , ei ) = l 

i 

We have then, for all £ in D(Tip) : 

£ = ^ J R^°(e,)A^(<£,e l >^o) 

It is possible to choose the (ej)j 6 j such that the R l3, ^°{ei) are partial 
isometries, with final supports 0*'^°(ej,ej) 2 by 2 orthogonal, and < 
ej,ej >/3,^°= if i 7^ j; such a family will be then called a (/3,ifj°)- 
orthogonal basis of H. We have then 

RW( ei ) = d M °{e i ,e l )R M °{e % ) = R M ° < e,,e, >p, r 

Moreover, we get that, for all n in N, and for all i, we have : 

e f3 ^(e l ,e i )f3(n)e l = f3(n)e l 

and that O 13 '^' '(e*, e*) is the orthogonal projection on the closure of the 
subspace {(3(n)ei,n G iV}. 

2.2. Jones' basic construction and operator-valued weights. 

Let Mo C Mi be an inclusion of von Neumann algebras (for simpli- 
fication, these algebras will be supposed to be a-finite), equipped with 
a normal faithful semi-finite operator- valued weight T\ from M\ to Mo 
(to be more precise, from to the extended positive elements of M 
(cf. [T] IX.4.12)). Let ipo be a normal faithful semi-finite weight on M , 
and fa = V>o Ti; for i = 0, 1, let if; = H^., J t = J A , A; = A^. be the 
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usual objects constructed by the Tomita-Takesaki theory associated 
to these weights. Following ([J], 3.1.5(i)), the von Neumann algebra 
M 2 = JiM'qJi defined on the Hilbert space Hi will be called the basic 
construction made from the inclusion M C Mi. We have Mi C M 2 , 
and we shall say that the inclusion Mq C Mi C M 2 is standard. 
Following ([EN] 10.6), for x in 9Tti, we shall define At 1 (x) by the fol- 
lowing formula, for all z in 9t^ : 

A Tl (x)A^ (z) = A^(xz) 

Then, A Tl (x) belongs to HotumAHq, Hi); if x, y belong to 91^, then 
A Tl (x)*A Tl (y) = Ti(x*y), and A Tl (a;)A Tl (y)* belongs to M 2 . 
Using then Haagerup's construction ([T], IX. 4. 24), it is possible to con- 
struct a normal semi-finite faithful operator- valued weight T 2 from M 2 
to Mi ([EN], 10.7), which will be called the basic construction made 
from Ti. If x, y belong to 91^1, then A Tl (x)A Tl (y)* belongs to 9Jtr 2 , 
andT 2 (A Tl (:r)A Tl (y)*) =xy*. 

By Tomita-Takesaki theory, the Hilbert space Hi bears a natural struc- 
ture of Mi — Mf-bimodule, and, therefore, by restriction, of Mo — Mq- 
bimodule. Let us write r for the canonical representation of Mq on 
Hi, and s for the canonical antirepresentation given, for all x in Mo, 
by s(x) = Jir(x)*Ji. Let us have now a closer look to the subspaces 
D(Hi s ,i/jq) and D( r Hi,ip ). If x belongs to 9I Tl fl 9?^, we easily get 
that JiA^(x) belongs to D( r Hi,t/j ), with : 

R r ^(J 1 A^ 1 (x)) = J 1 A Tl (x)J 

and A^(x) belongs to D(H ls ,tp ), with : 

R S ^(A^(x))=A Tl (x) 

In ([E3], 2.3) was proved that the subspace D(Hi s ,i(jq) fl D( r Hi, ipo) is 
dense in Hi, let us write down and precise this result : 

2.2.1. Proposition. Let us keep on the notations of this paragraph; let 
A/>i,Ti be the algebra made of elements x in 9t^ fl 91^ fl 9t^ fl 9t^ i; 
analytical with respect to ipi, and such that, for all z in C 7 crf 1 (x n ) 
belongs to fl 9t Tl fl 9t^ n 9t^ . T/ien : 

(i) for any x in A^ uTl , A^(x) belongs to D(H u ,il> ) n D( r Hi,ip ); 

(ii) for any £ in D(Hi s ,ip^)) , there exists a sequence x n in A^ ljTl 
such that Ax^Xn) = R s '^°(A^ l (x)) is weakly converging to i? s '^>(£) and 
Af l (x n ) is converging to £; 

(Hi) if Mq is abelian, then we get that A^Xn) = R s '^o(A^ l (x n )) is 
norm converging to i? s '^°(£). 

Proof. We get in ([E3], 2.3) an increasing sequence of projections p n in 
Mi, converging to 1, and elements x n in A^ii such that A^Xn) = 
So, (i) and (ii) were obtained in ([E3], 2.3) from this construction. More 
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precisely, we get that : 

T x {x* n x n ) = <R s ^°(A^(x n )),R s ^(A^(x n ))> s ^o 

= <Pnt,,Pni>s,i>° 

which is increasing and weakly converging to < £,£ > s ,v>g- Let us 
suppose now that M is abelian, and let X be the spectrum of the 
C*-algebra generated by all elements < r]i, r] 2 > s ,%, when r]i and 772 are 
in D(Hi s ,ip ). Using Dini's theorem in Co(X), we get that Ti(x* n x n ) is 
norm converging to < £,£ > s ,^g, and that : 

\\A Tl (x n )-R s ^(0\\ 2 = \\Tt{xlx n )- < £,£ >^ g II 
is converging to 0. □ 



2.3. Relative tensor product [CI], [S2], [T]. Using the notations 
of 12.11 let now /C be another Hilbert space on which there exists a 
non-degenerate representation 7 of N. Following J.-L. Sauvageot ([S2], 
2.1), we define the relative tensor product Ti^^K as the Hilbert space 

obtained from the algebraic tensor product D{7ip,ip°) © /C equipped 
with the scalar product defined, for £1, £ 2 in D(H/3, ip°), rjx, 772 in /C, by 

(£1 QVi 16 ©772) = (t(< 6,6 >p,i,o)r} 1 \r} 2 ) 

where we have identified N with n.,p(N) to simplifly the notations. 

The image of £ 77 in TL p® y JC will be denoted by £ /3© 7 77. We shall 

ip ijj 
use intensively this construction; one should bear in mind that, if we 
start from another faithful semi-finite normal weight ip', we get another 
Hilbert space Hp® y JC; there exists an isomorphism from TCp® 7 K. 

to H /3® 7 /C, which is unique up to some functorial property ([S2], 2.6) 

(but this isomorphism does not send £ p®^ r\ on £ p® 7 77 !). 

ip tp 1 

When no confusion is possible about the representation and the anti- 
representation, we shall write Tt ®^ /C instead of TC / 3© 7 JC, and £ ®^ 77 

■p 

instead of £ p® 1 77. 

V> 

For any £ in D(H/3,ip°), we define the bounded linear application A^' 7 

from JCtoH p® 1 fC by, for all rj in /C, A^' 7 (r7) = £ /3© 7 77. We shall write 

ip ip 

if no confusion is possible. We get ([EN], 3.10) : 

A|" = J2W(£) ®^ l K 
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where we recall the canonical identification (as left iV-modules) of 
L 2 (N) <gty JC with JC. We have : 

(AfTAf 7 = 7(<e,e>A*o 



In ([SI] 2.1), the relative tensor product H p® 1 JC is defined also, if £1, 

V 

£ 2 are in H, rji, r\i are in £>( 7 /C, by the following formula : 

(fl©J7l|6©»72) = (/3(< 772 > 7 ,^)fi|6) 

which leads to the the definition of a relative flip 0^ which will be 
an isomorphism from Ti /3® 7 JC onto JC 7 Cg>/3 7i, defined, for any £ in 

D{Hp,r),rimD^1C,i)),by : 

Cty(£ 77) =77 £ 

This allows us to define a relative flip ^ from £(7^g<g) 7 /C) to £(/C 7 ®g7i) 

which sends X in C(H p®^ /C) onto ty(X) = a-^Xa^. Starting from 

another faithful semi-finite normal weight if)', we get a von Neumann 
algebra C{T~L p<g> y JC) which is isomorphic to C{7i p®^ JC), and a von 

Neumann algebra C{JC y ®p T~L) which is isomorphic to C(JC y <S>pTi)] as 

we get that : 

we see that these isomorphisms exchange and <^/. Therefore, the 
homomorphism ^ can be denoted without any reference to a specific 
weight. 

We may define, for any 77 in D( y ]C,ip), an application p^' 7 from 7i to 
H /3® 7 /C by p^' 7 (£) = £ /3® 7 7/. We shall write p v if no confusion is 

possible. We get that : 

(p^Yp^ = P(<v,v>^) 

We recall, following ([S2], 2.2b) that, for all £ in H, rj in £>( 7 /C,^), y 
in JV, analytic with respect to ip, we have : 

Let x be an element of £(H), commuting with the right action of TV 
on 7ig (i.e. x G (5{N)'). It is possible to define an operator x p<S> y lx; 

V 

on H / 3® 7 /C. We can easily evaluate ||x p<S> y X/c 1 1 , for any finite J C I, 
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for any rji in /C, we have : 

((x*xp®i l/c)(S ie je i/3 (g) 7 r7 i )|(S ie je i( g(g) 7 ?7i)) = 

1p 1p 1p 

= S iGj (7(< X6i,xei >j3,^o)rji\r]i) 
< ||x|| 2 S ieJ (7(< e h a >p,ipo)rj i \ri i ) = ||a;|| 2 ||E ie jei p® 1 %|| 

from which we get ||a; p® 1 1k\\ < \\x\\. 

By the same way, if y commutes with the left action of N on 7 /C (i.e. y G 
j(N)'), it is possible to define lup®^V on 7i/3<S> 7 /C, and by composition, 

it is possible to define then x /3<S> 7 y. If we start from another faithful 

V 

semi-finite normal weight ip', the canonical isomorphism l/f'^ from 
H /3® 7 /C to TC / g® 7 /C sends x /3® 7 2/ on x / g(g> 7 y ([S2], 2.3 and 2.6); 

therefore, this operator can be denoted x p® 1 y without any reference 

N 

to a specific weight, and we get ||x /3® 7 y|| < ||x||||y||. 

N 

With the notations of 12.11 let (ei)$ e j a ?/>°)-orthogonal basis of TC] 
let us remark that, for all rj in /C, we have : 

e» /3® 7 r) = d /3® 7 7(< e», ei >M°)r] 

ip tp 

On the other hand, 9?'* fa, e() is an orthogonal projection, and so is 

9 /3 '^ (ei,e i ) /3® 7 1; this last operator is the projection on the subspace 

v 

e«/3® 7 7(< ej, ej >p t $o))C ([E2], 2.3) and, therefore, we get that H/3® 7 /C 

is the orthogonal sum of the subspaces p<S> 7 7(< ej,e, >p t ^o)JC] for 

any S in H / g® 7 /C, there exist £j in /C, such that 7(< e^, e, >p t ^o)^ i = ^ 
</> 

and H = X]« e « P®i from which we get that £\ ||£j|| 2 = ||H|| 2 . 

</> 

Let Ai a non-degenerate C*-subalgebra of (3(N)', A 2 a non-degenerate 
C*-subalgebra of 7(iV)'; we shall denote by ^(g^ A 2 the C*-algebra 

JV 

generated by all the operators x /3® 7 y, where x G A\ and y G A 2 . 

N 

Let us suppose now that K, is a iV — P bimodule; that means that 
there exists a von Neumann algebra P, and a non-degenerate normal 
anti-representation e of P on /C, such that e(P) C j(N)'. We shall 
write then 7 /C e . If y is in P, we have seen that it is possible to define 

then the operator 1 H /3 ® 7 e(y) on TC / g(8) 7 /C, and we define this way a 

^? ip 

non-degenerate normal antirepresentation of P on TC ^® 7 /C, we shall 
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call again e for simplification. If TC is a Q — N bimodule, then Ti p® 1 K, 

becomes a Q — P bimodule (Connes' fusion of bimodules). 
Taking a faithful semi-finite normal weight v on P , and a left P-module 
^jC (i.e. a Hilbert space L and a normal non-degenerate representation 
( of P on C), it is possible then to define (Tip® 1 lC) e ®£ £. Of course, it 

is possible also to consider the Hilbert space Tip®^ ()C e ®^C). It can be 

shown that these two Hilbert spaces are isomorphics as (3{N)' — C{P)'°- 
bimodules. (In ([VI] 2.1.3), the proof, given for N = P abelian can be 
used, without modification, in that wider hypothesis). We shall write 
then Ti p<® 1 /C C without parenthesis, to emphazise this coassocia- 

tivity property of the relative tensor product. 

If it denotes the canonical left representation of N on the Hilbert space 
L 2 (N), then it is straightforward to verify that the application which 
sends, for all £ in Ti, x normal faithful semi-finite weight on N, and 

x in Dl x , the vector ^ <g> n J x A x (x) on /3(x*)£, gives an isomorphism of 

x 

Tip ® ttL 2 (N) on Ti, which will send the antirepresentation of N given 

x 

by n i— > In p ® 7T J x n*J x on (3 

x 

If K, is a Hilbert space on which there exists a non-degenerate repre- 
sentation 7 of N, then /C is a iV — 7(iV) /0 bi-module, and the conjugate 
Hilbert space /C is a 7(iV)' — bimodule, and, ([S2]), for any normal 

faithful semi-finite weight on 7(iV)', the fusion 7 /C(8)/C 7 is isomorphic 

</>° 

to the standard space L 2 (N), equipped with its standard left and right 
representation. 

Using that remark, one gets for any a; e (3(N)' : 

||Z/3<8> 7 1/dl < ||Z/3® 7 1/C ® %!! = Ik/3® U2(AT)|| = ||x|| 

7(A r )'° at 

from which we have \\x p®^ 1^|| = ||x|| . 

N 

If Ti. and /C are finite-dimensional Hilbert spaces, the relative tensor 
product Hp^-yJC can be identified with a subspace of the tensor Hilbert 

space TL®1C ([EV] 2.4), the projection on which belonging to /3(N) ® 
7 (JV). 

2.4. Fiber product [VI], [EV]. Let us follow the notations of IP let 
now Mi be a von Neumann algebra on TI, such that /3(iV) C Mi, and 
M 2 be a von Neumann algebra on /C, such that 7(iV) C M 2 . The von 
Neumann algebra generated by all elements x p<g) 1 y, where x belongs 

N 

to M[, and y belongs M' 2 will be denoted M[ p®^ M 2 (or M[® N M 2 if 

N 
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no confusion if possible), and will be called the relative tensor product 
of M[ and M' 2 over N. The commutant of this algebra will be denoted 
Mi i3*-yM 2 (or Mi *nM 2 if no confusion is possible) and called the fiber 

N 

product of Mi and M 2 , over N. It is straightforward to verify that, 
if Pi and P 2 are two other von Neumann algebras satisfying the same 
relations with N, we have 

M 1 * N M 2 n Pi * N P 2 = (Mi n Pi) * N (M 2 n P 2 ) 

Moreover, we get that Qv(Mi 0* 7 M 2 ) = M 2 7 * i g Mi. 

N N° 

In particular, we have : 

(Mi n P(N)') ^ 7 (M 2 n 7(JV)') C Mi M 2 

and : 

Mi /3 * 77 (iv) = (M 1 n/5(ivy) /3 ® 7 i 

AT N 

More generally, if /3 is a non-degenerate normal involutive antihomo- 
morphism from N into a von Neumann algebra Mi, and 7 a non- 
degenerate normal involutive homomorphism from N into a von Neu- 
mann algebra M 2 , it is possible to define, without any reference to a 
specific Hilbert space, a von Neumann algebra Mi p* 1 M 2 . 

N 

Moreover, if now /3' is a non-degenerate normal involutive antihomo- 
morphism from N into another von Neumann algebra Pi, 7' a non- 
degenerate normal involutive homomorphism from iV into another von 
Neumann algebra P 2 , $ a normal involutive homomorphism from Mi 
into Pi such that $0/? = /3', and \l/ a normal involutive homomorphism 
from M 2 into P 2 such that $ o 7 = y, it is possible then to define a 
normal involutive homomorphism (the proof given in ([SI] 1.2.4) in the 
case when N is abelian can be extended without modification in the 
general case) : 

<l> 3*. M' : Mi /3* 7 M 2 1-^ Pi P 2 

AT AT AT 

In the case when 7 /C e is a iV — P° bimodule as explained in 12 .HI and 
c £ a P-module, if y(N) C M 2 and e(P) C M 2 , and if C(P) C M 3 , 
where M3 is a von Neumann algebra on C, it is possible to consider 
then (Mi ^* 7 M 2 ) M 3 and Mi ^* 7 (M 2 M 3 ). The coassociativity 

N P N P 

property for relative tensor products leads then to the isomorphism 
of these von Neumann algebra we shall write now Mi p* 1 M 2 M3 

N P 

without parenthesis. 

If Mi and M 2 are finite-dimensional, the fiber product Mi /3* 7 M 2 can 

N 

be identified to a reduced algebra of Mi ® M 2 (reduced by a projector 
which belongs to fi(N) <8> y(N)). ([EV] 2.4) 
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2.5. Hopf-bimodules. A quadruplet (JV, M, a, f3, Y) will be called a 
Hopf-bimodule, following ([Val2], [EV] 6.5), if N, M are von Neumann 
algebras, a a faithful non-degenerate representation of N into M, (5 
a faithful non-degenerate anti-representation of N into M, with com- 
muting ranges, and F an injective involutive homomorphism from M 
into M p* a M such that, for all X in iV : 

N 

(i) T(P(X)) = l f) ® a p{X) 

N 

(ii) V{a{X)) = a{X) p ® a l 

N 

(iii) T satisfies the co-assosiativity relation : 

(r {3* a id)r = (idp* a r)r 

N N 

This last formula makes sense, thanks to the two preceeding ones and 

EH 

If (N, M, a, j3, T) is a Hopf-bimodule, it is clear that (N°, M, /3, a, Sn°F) 
is another Hopf-bimodule, we shall call the symmetrized of the first one. 
(Recall that Qv ° T is a homomorphism from M to M r * s M). 

N° 

If is abelian, a — f3, Y — qjy o T, then the quadruplet (N, M, a, a, T) 
is equal to its symmetrized Hopf-bimodule, and we shall say that it is 
a symmetric Hopf-bimodule. 

Let Q be a groupoi'd, with Q(°> as its set of units, and let us denote 
by r and s the range and source applications from Q to given by 
xx^ 1 = r(x) and x~ 1 x = s(x). As usual, we shall denote by (or 
Gs 2 }) the set of composable elements, i.e. 

G {2) = {(x,y)eg 2 - 1 s(x)=r(y)} 

In [Yl] and [Val2] were associated to a measured groupoi'd Q, equipped 
with a Haar system (\ u ) u£ gm and a quasi-invariant measure /i on Q^°> 
(see [Rl], [R2], [C2] II. 5 and [AR] for more details, precise definitions 
and examples of groupoids) two Hopf-bimodules : 
The first one is (L°° (Q^°\ fx) , L°° (Q , u) , rg, sg,Tg) , where v is the mea- 
sure constructed on Q using /i and the Haar system (A") ue£ >(o), where 
we define rg and Sg by writing , for g in L 00 ^ ') : 

rg(g) = gor 

sg(g) = 9°s 

and where Tg(f), for / in L°°(Q), is the function defined on by 
(s, t) i — > f(st); Tg is then an involutive homomorphism from L°°(Q) 
into L°°(g 2 sr ) (which can be identified to L°° (g) S %.L°° (g)) . 

The second one is symmetric; it is (L°°(g^), C(g), rg, rg, Tg), where 
C(g) is the von Neumann algebra generated by the convolution algebra 
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associated to the groupoid Q, and Tg has been defined in [Yl] and 
[Val2]. 

If (N, M, r, s, T) be a Hopf-bimodule with a finite-dimensional algebra 
M, then, the identification of M/3* a M with a reduced algebra (M®M) e 

N 

()2.4)1 leads to an injective homomorphism T from M to M ® M such 
that f (1) = e ^ 1 and (f ® id)Y = (id ® f )f ([EV] 6.5). Then (M, f ) 
is a weak Hopf C*-algebra in the sense of ([BSzl], [BSz2], [Sz]). 

2.6. Slice maps [E3]. Let A be in Ml M 2 , -0 a normal faithful 

iV 

semi-finite weight on N, TC an Hilbert space on which Mi is acting, K, 
an Hilbert space on which M 2 is acting, and let £i, £2 be in D(TCp, 
let us define : 

(u^ 20 ,id)(A) = (\^yA\f? 

We define this way a (uj^ 2 ,g* 7 id) (A) as a bounded operator on )C, 
which belongs to M 2 , such that : 

(( w ft,fa /3*7 ^(A)^^) = (A(Cl /3® 7 ^016 /3® 7 tfc) 

One should note that (u;^^ /?* 7 irf) (1) = 7(< £i,£ 2 >p,ip°)- 
Let us define the same way, for any 771, 772 in _D( 7 /C,-0): 
(^ /3 * 7 ^ 1 , r?2 )(A) = (p^)*Ap^ 

which belongs to Mi. 

We therefore have a Fubini formula for these slice maps : for any £1, 
£2 in D(Hj3,ip°), r/i, r]2 in D(^K.,ip), we have : 

Let 0i be a normal semi- finite weight on M+ , and A be a positive 
element of the fiber product Mi / 3* 7 M 2 , then we may define an element 

JV 

of the extended positive part of M 2 , denoted (0i /3* 7 id)(A), such that, 

V 

for all 77 in D( 1 L 2 (M 2 ), i/j), we have : 

11(01/3*7 zrf)(A) 1/2 r7|| 2 = <M"V 7 

Moreover, then, if 2 is a normal semi-finite weight on M^, we have : 

02(01 /3* 7 irf)(A) = (f)l(id /3* 7 2 )(A) 
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and if u>i be in M u such that 4>\ — supi^i, we have (0i j g* 7 id) (A) = 

i> 

supi(ui (3 * 7 id) (A). 

Let now P\ be a von Neuman algebra such that : 

(3(N) GP 1 GM l 

and let $j (i = 1,2) be a normal faithful semi-finite operator valued 
weight from Mj to Pf, for any positive operator A in the fiber product 
Mi /3* 1 M 2 , there exists an element ($1 ( a* 7 i<i)(A) of the extended posi- 

N %p 

tive part of P lf3 * 1 M 2 , such that ([E3], 3.5), for all r] in P>( 7 L 2 (M 2 ), VO, 

N 

and £ in D(L 2 (P 1 ) /3 , -0°), we have : 

tp i/j 

If is a normal semi-finite weight on P, we have : 

(0 o $! £* 7 id) (A) = (0 /3* 7 /3* 7 id) (A) 

We define the same way an element {id ^* 7 $ 2 )(v4) of the extended 
positive part of M\ 7 */3 P 2 , and we have : 

AT 

(id /3* 7 $ 2 )(($i /3* 7 id) (^)) = ($1 /3* 7 id)((id /3* 7 $ 2 )(A)) 
ip ip ip ip 

Considering now an element x of Mm * n Tr(N), which can be identified 

(|231) to M i n w e get that, for e in we have 

(id^ * n uj^ Aii{e) )(x) = p(ee*)x 

Therefore, by increasing limits, we get that (idp * n ip) is the injection 

of Mi n (3(N)' into Mi. More precisely, if x belongs to Mi n (3(N)', we 
have : 

(id p * n ip)(xf3 ® n l)=x 

Therefore, if $ 2 is a normal faithful semi-finite operator-valued weight 
from M 2 onto ■y(N), we get that, for all A positive in Mi /3 * 7 M 2 , we 

N 

have : 

{id/s * 7 V> o $ 2 )(A) /3 ® 7 1 = (id^ * 7 $ 2 )(A) 

With the notations of 12.11 let (e;)j e / be a (/?, -0°)-orthogonal basis of 
H; using the fact ()2.3|) that, for all in /C, we have : 

ei /3® 7 ?? = e i /3®7 7(< e i> e i >P,ip°)V 

'(p 1p 
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we get that, for all X in M x M 2 , £ in D(Hp, ip°), we have 

N 



2.7. Notations. Let M be a von Neuman algebra, and a an action 
from a locally compact group G on M, i.e. a homomorphism from 
G into AutM, such that, for all x G M, the function g \— > is 
(j- weakly continuous. Let us denote by C*(a) the set of elements x of 
M, such that this function t i— > is norm continuous. It is ([P], 

7.5.1) a sub-C*-algebra of M, invariant under the a g , generated by the 
elements (x G N,f G ^(G)) : 



More precisely, we get that, for any x in M, (Xf{x) is cr-weakly converg- 
ing to x when / goes in an approximate unit of L 1 (G), which proves 
that C*{a) is a- weakly dense in M, and that x G M belongs to C*(a) 
if and only if this file is norm converging. 

If a t and 7 S are two one-parameter automorphism groups of M, such 
that, for all s, t in R, we have ai t o7 s = r y s oat, by considering the action 
of R 2 given by (s, t) i— > 7 S o a t , we obtain a dense sub-C*-algebra of M, 
on which both a and 7 are norm continuous, we shall denote C*(a, 7). 

2.8. Weights on C*-algebras. Let A be a C*-algebra, and tp a lower 
semi-continuous, densely defined non zero weight on A ([Col]). We 
shall use all classical notations, and, in particular, we shall denote 
{H v , A v , TCp) the GNS construction for ip; is faithful if, and only if, 
if is faithful; let us denote M = Tr<p{A)" and Tp the semi- finite normal 
weight on M + , constructed by ([B], cor. 9), which verify Tp o n v = ip. 
Let us recall that if the C*-algebra A is unital, any densely defined 
weight if is everywhere defined, and therefore finite. 
Following [Col], we shall say that ip is KMS if there exists a norm- 
continuous one parameter group of automorphisms a t of A such that, 
for all t G R, <p = f o o t , and such that tp verifies the KMS conditions 
with respect to a. (For an equivalent definition of these conditions, see 
[KV1], 1.3). One can find in ([KV1], 1.35) the proof that every KMS 
weight extends to a faithful extension Tp on M + , and that we have then 
TCp o a t = erf o np, where af is the modular automorphism group of M 
given by the Tomita-Takesaki theory of the faithful semi-finite weight Tp 
on M. This leads easily to the uniqueness of the one-parameter group 
a t , which we shall emphasize by writing it <rf . 

Moreover, it is well known that the set of elements x in A such that 
the function t 1— > crf{x) extends to an analytic function in A is a dense 
involutive subalgebra of A (see for instance [Vail] 0.3.2 and 0.3.4). 
Let tp be a lower semi-continuous, densely defined, faithful weight on 
A; let a be a representation of A on a Hilbert space a H. A vector £ 



(u^ e< /3* 7 id){X) = 7(< a, a > f 3,r){ UJ n,e i /3* 7 id)(X) 
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in a H will be said to be bounded with respect to (p if there exists a 
positive C such that, for all x G 91^, we have : 



Following ([Co2], 1.7), we shall say that a is square-integrable with 
respect to p if the set of bounded vectors is total in a H. Then ([Co2], 
1.8), for any representation a of A, which is square-integrable with re- 
spect to (p, there exists a unique normal representation a of M on a H 
such that a o = a. 

It is proved in ([KV1], 1.34) that the representation ir v itself is square- 
integrable with respect to <p if and only if the weight Tp is faithful. 

Let now ip be a normal semi-finite faithful weight on N. We shall 
write C*(^) the sub-C*-algebra of C*(cr^) generated by elements (Tf(x), 
with / G L X (R) and x G Wl^. The weak closure of C*(^) contains 9Jt^, 
and, therefore, C*(?/>) is weakly dense in N; moreover, it is straight- 
forward to see that the restriction of if) to that C*-algebra is densely 
defined, lower semi-continuous and KMS. If 1 G C*(ip), then the restric- 
tion of i) to C*(ip) is finite, so ^(1) < oo and C*(^) = C*(o^)- If rp is 
a trace, then C*(ip) is the norm closure of VJl^, and M(C*(ip)) = N. 
If 74 is one-parameter group of N, such that tpo^ = -0, for all t G M, we 
may as well define the C*-algebra C*(ijj,'y) generated by all elements : 



where f,g belong to -^ 1 (M), and x belongs to Wl^; this C*-algebra 
C*( , 0,7) is weakly dense in N, invariant under 7, the restriction of ip 
to this C*-algebra is densely defined, lower semi-continuous and KMS, 
and the restriction of 7 to this C*-algebra is norm-continuous. If ip is 
a trace, we have M(C*(^,7)) = C*(7). 

Let us recall another result borrowed from Baaj ([B], th. 8) ; if p> is 
a lower semi-continuous weight defined on a hereditary cone F of a 
C*-algebra A, such that the subcone F' made of elements X G F such 
that <p{X) < 00 is norm dense in A, then <p has an extension <p on A + 
which is lower semi-continuous and semi-finite. 



In this chapter, we recall (|3.1|) the definition of a pseudo-multiplicative 
unitary, give the fundamental example given by groupoi'ds ()3.3|) . and 
construct the algebras and the Hopf-bimodules "generated by the left 
(resp. right) leg" of a pseudo-multiplicative unitary (|3.2j) . In 13. 7\ we 
recall the definition of a "manageable" pseudo-multiplicative unitary, 
and we obtain in l3.1()l a result about the norm closed algebra generated 
by the left leg of a manageable pseudo-multiplicative unitary. In par- 
ticular, if the basis is abelian, this algebra is a C*-algebra. (|3.1Uf iv)). 



a(x)£|| 2 < Cp{x*x) 
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3.1. Definition. Let N be a von Neumann algebra; let 9) be a Hilbert 
space on which iV has a non-degenerate normal representation a and 
two non-degenerate normal anti-representations (3 and (3. These 3 ap- 
plications are supposed to be injective, and to commute two by two. 
Let v be a normal semi-finite faithful weight on N; we can therefore 
construct the Hilbert spaces 5} p® a 5} and Sj a ®3 $)■ A unitary W 

from fj p® a fj onto 5} 5}. will be called a pseudo-multiplicative 

unitary over the basis N, with respect to the representation a, and the 
anti-representations $ and (3 (we shall write it is an (a, /3, /5)-pseudo- 
multiplicative unitary), if : 

(i) W intertwines a, (3, f3 in the following way : 

W{a{X) p ® a l) = (l a ® $ a(X))W 
W(l p ® a (3{X)) = (1 (3{X))W 
W0(X) p ® a 1) = 0(X) a ® $ l)W 
W(lp® a p(X)) = (f3(X) a ® 1)W 

N jv° 

(ii) The operator satisfies : 

(lfia®^ W)(Wp® a U) = 
No N 

= (W a®p W{<7u° a®p 1^)(1 W / )<T 2i ,(li-, /3® a CT I/ o)(l S ^(g) Q W) 

N° n° N° N N 

In that formula, the first a v o is the relative flip defined in 12.31 from 
a®fi ^ to ^ p® a S), and the second is the relative flip from fj a ®& 

V° V u o 

ft to f) a® a fj; while 021/ is the relative flip from fj p® a fj a® a S) to 

V v V 

a ®p (9) /3®> a $))■ The index 2 is written to recall that the flip "turns" 

I/O V 

around the second relative tensor product, and, in such a formula, the 
parenthesis are written to recall that, in such a situation, associativity 
rules does not occur because the anti-representation (3 is here acting in 
the second leg of ft p® a 9). 

All the properties supposed in (i) allow us to write such a formula, 
which will be called the "pentagonal relation". 

If we start from another normal semi-finite faithful weight v' on N, 
we may define, using 12. 3[ another unitary W v = ? WUp £ from 
Sj p® a fj onto fj a ®p Sj. The formulae which link these isomorphims 



v • 



between relative product Hilbert spaces and the relative flips allow us 
to check that this operator W v is also pseudo-multiplicative; which 
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can be resumed in saying that a pseudo-multiplicative unitary does 
not depend on the choice of the weight on N. 

If W is an (a, (3, /3)-pseudo-multiplicative unitary, then the unitary 
a u W*a u from S) s<g) Q F) to Sj a ®p S) is an (a, (3, /3)-pseudo-multiplicative 

unitary, called the dual of W . 

3.2. Algebras and Hopf-bimodules associated to a pseudo-mul- 
tiplicative unitary. For £2 in D( Q S), u), 772 in D(S)^, u°), the operator 

(Pr]2 )*Wp^* will be written (id*cu^ 2tV2 )(W)] we have, therefore, for all 
£1, 771 in ft : 

((id * WdM = p ® a £ 2 )\rii a ®p V2) 

and, using the intertwining property of W with /3, we easily get that 
(id*U( 2tVa )(W) belongs to ${N)'. 

If x belongs to N, we have (id * cu^ 2tV2 )(W)a(x) = (id * oj£, 2 M x *)m)(W) ■> 

and f3(x)(id * ^ 2 , V2 )(W) = (id * ^^ x ^ 2>m )(W). 

If y belongs to N and is analytical with respect to u, then, we have 

a(y)(id * uj^ m )(W) = (id * ^^,^ /2 ( y *)) V2 )( w ) 
(id * u^ m )(W)(5(y) = (id * ^a(^ /2 (y))^,m)( w ) 

If £ belongs to D( a $), v)C\D($r)p, v°), we shall write (id*uj^)(W) instead 
of (id * u^)(W). 

We shall write A n (W) (resp. A W (W) the norm (resp. weak) closure of 
the linear span of these operators, which are right a(iV)-modules and 
left /3(iV)-modules. If we define B as the norm closure of the subalgebra 
of elements in N which are analytical with respect to v, we get also 
that A n (W) is a left a (B) -module, and a right /3(.B) -module. Applying 
([E2] 3.6), we get that A n (W)\ A n (W), A W (W)* and A W (W) are non- 
degenerate algebras. One should note that the notations of ([E2]) had 
been changed in order to fit with Lesieur's notations. We shall write 
«4(VF) the von Neumann algebra generated by A n (W) (or A W (W)) . 
We then have A(W) C (5(N)' . 

For & in D(S)p, Vi in D( a fi, u), the operator (\°f)*W\^ a will be 
written (uJ$ im * id)(W) for ; we have, therefore, for all £ 2 , V2 in S) : 

((u£ um * id)(W)&\v2) = p® a Z 2 )\rh V2) 

V v o 

and, using the intertwining property of W with /3, we easily get that 
(u ium *id)(W) belongs to j3(N)' . If £ belongs to £>(%, /)nD( a j), u), 
we shall write (lu^ * id)(W) instead of (u^ * id)(W). 

We shall write A n (W) the norm closure of the linear span of these 
operators. Then, we had obtained ([E2], 3.6) that this norm closed 
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subspace is a non degenerate algebra (and so is A n (W) also). 

We shall write A W (W) the weak closure of the linear span of these 
operators. It is clear that this weakly closed subspace is a non dege- 

narate algebra; following ([EV] 6.1 and 6.5), we shall write ^4(W) the 

von Neumann algebra generated by A n {W) or A W (W). We then have 

A(W) c P(N)'. 

In ([EV] 6.3 and 6.5), using the pentagonal equation, we got that 
(N, A(W), a, (3, T), and (N°, A(W),(3, a, f ) are Hopf-bimodules, where 
T and T are defined, for any x in ^4(VF) and y in .A(W), by : 

r(x) = w*(i a ® $ x)w 

N° 

?(y) = W(yp® a l)W* 

N 

In ([EV] 6.1(iv)), we had obtained that x in C(Sj) belongs to A(W)' if 
and only if x belongs to a(N)' n f3(N)' and verifies 

(x a ®p 1)^ = ^(1^1) 
N° N 

We obtain the same way that y in C(Sj) belongs to .A(W) if and only 
if y belongs to a(N)' D (3(N)' and verify (1 a <g>^ y)W = W(l p ® a y). 

N° N 

Moreover, we get that a(N) cAnA, fi(N) C A, j3(N) C A, and, for 
all x in N : 



T(a(x)) 


= a(x) p® a 1 




N 


rtf(x)) 


= 1 p ® a P(x) 




N 


f(a(s)) 


= 1 a ®p a(x) 




N° 


T0(x)) 


= j3(x) a ® $ 1 



Following ([E2], 3.7) If 771, £ 2 are in D( a S), u), let us write (id*oj^ m )(a v oW) 
for (X^f)*Wp^ a ; we have, therefore, for all £1 and i] 2 in S) : 

(id * w &>TJ1 )(a>W)fi|772) = p® a 6)|^i a ®p m) 

Using the intertwining property of W with a, we get that it belongs to 
a(N)'; we write C W (W) for the weak closure of the linear span of these 
operators, and we have C W (W) C a(N)'. It had been proved in ([E2], 
3.10) that C W (W) is a non degenerate algebra; following ([E2] 4.1), we 
shall say that W is weakly regular if C W (W) = ct(N)'. 



CONTINUOUS FIELDS OF C-ALGEBRAS AND QUANTUM GROUPOIDS 21 

3.3. Fundamental example. Let Q be a measured groupoid, with 
as space of units, and r and s the range and source functions from 
Q to G^°, with a Haar system (X u ) u€ g(o) and a quasi-invariant measure 
fx on £?(°). Let us write v the associated measure on Q. Let us note : 

Gr, r = i( x , y) e G 2 i r ( x ) = r (y)} 

Then, it has been shown [Val2] that the formula Wgf(x, y) = f(x, x~ x y), 
where x, y are in Q, such that r(y) = r(x), and / belongs to L 2 {Q^) 
(with respect to an appropriate measure, constructed from X u and fx), 
is a unitary from L 2 ^^) to L 2 (Q 2 r ) (with respect also to another ap- 
propriate measure, constructed from X u and fi). 

Let us define rg and sg from L°°(Q^) to L°°(G) (and then considered 
as representations on C(L 2 (Q)), for any / in L°°(Q^ '), by rg(f) = for 
and sg(f) = f o s. 

We shall identify ([Yl], 3.2.2) the Hilbert space L 2 (£ (2) ) with the rela- 
tive Hilbert tensor product L 2 (Q, v) sg ®r g L 2 (Q, u), and the Hilbert 

L°°(e(°),^) 

space L 2 (Q 2 r ) with L 2 (Q, v) rg ® rg L 2 (Q,u). Moreover, the unitary 

L°°(g(°),n) 

Wg can be then interpreted [Val3] as a pseudo-multiplicative unitary 
over the basis L°°(C/( )), with respect to the representation rg, and 
anti-representations sg and rg (as here the basis is abelian, the no- 
tions of representation and anti-representations are the same, and the 
commutation property is fulfilled). So, we get that Wg is a (rg, sg,rg) 
pseudo-multiplicative unitary. 

Let us take the notations of 13. 2\ the von Neumann algebra A(Wg) is 
equal to the von Neumann algebra L°°(Q,u) ([Val3], 3.2.6 and 3.2.7); 
using ([Val3] 3.1.1), we get that the Hopf-bimodule homomorphism T 
defined on L°°(Q,u) by Wg is equal to the usual Hopf-bimodule ho- 
momorphism Tg studied in [Val2], and recalled in 12.51 Moreover, the 

von Neumann algebra ^4(Wg) is equal to the von Neumann algebra 
C{G) ([Val3], 3.2.6 and 3.2.7); using ([Val3] 3.1.1), we get that the 
Hopf-bimodule homomorphism T defined on C(Q) by Wg is the usual 
Hopf-bimodule homomorphism Tg studied in [Yl] and [Val2]. 
More precisely, we easily get ([Yl], 2.1) that D( rg L 2 (Q, is)) is the set of 
(equivalent classes of) functions / in L 2 (Q, v), such that the function : 

U ~ I \f(x)\ 2 d\ u (x) 
Jg u 

belongs to L°°{G^\n) (and then \\R r s^(f)\\ is equal to the square root 
of the essential supremum of this function). This vector space, with 
this norm, had been denoted L°°(0(°), L 2 (Q, A)) in ([AR], 1.2.2). If /, 
g are two functions in D( rg L 2 (Q, u)), we get that (id * ujf^){Wg) is the 
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function on Q denned by : 

x» f f(x- 1 y)gjy)d\^\y) 

JG r( - x '> 

So we get that A n (Wg) is invariant under the adjoint operation, and 
is therefore a C*-algebra. It is also, using rg and sg, a bimodule over 
L°°(£(°)). 

Let us suppose now that the groupoid Q is locally compact in the sense 
of [Rl]; let K,{Q) denote the continuous functions on G, with compact 
support, and let us suppose that, for all / in JC(G), the function u \— > 
J g fdX u is continuous. Then K{Q) C D( rg L 2 (G, v), n) ([Val2], 3.2.1); 
its closure for the norm / i— > \\R re,fl (f) || had been studied in ([AR], 
1.1.1) and shall be denoted C (G {0) , L 2 (G , A)). If /, g belongs to K{Q), 
it is clear from the formula above that (id * Uf, g )(Wg) belongs also 
to JC(G); by continuity, for any /, g in C (G^°\ L 2 (G, A)), we get that 
(id * Wf,g)(Wg) belongs to the algebra Cq(Q) of continuous functions 
going to at infinity. Finally, using Stone- Weirstrass theorem, we 
shall get that the sub-C*-algebra generated by these elements is equal 
to C (G), and, therefore, that A n (Wg) contains C (Q) as a sub-C*- 
algebra. As A n (Wg) is a bimodule over L°°(G^), there is no chance in 
general that A n (Wg) should be equal to Cq(Q). 

It has been proved in ([E2] 4.8) that Wg is weakly regular (in fact was 
proved a much stronger condition, namely the norm regularity). 

3.4. Lemma. Let W be an (a, (3, (3) -pseudo-multiplicative unitary, £i 
in D(fip,v°), £ 2 in D( a $),v), rj in ft; let Q in D($)p,v°) and Q in ft 
such that W*(^2 a®p v) = d C'ij then we have : 

v° v 

J>(< CUi >p,uo)C'i = (u;^ 2 *id)(Wyrj 

i 

Proof. Let 9 in S); we have : 

((u^ 2 *id)(Wyr]\9) = (W*(i 2a ®^)\i ip ® a e) 

. V V 

= E«(<c^i>^)c'i^) 



from which we get the result. 



□ 
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3.5. Lemma. LetW be an (a, ft, /3) -pseudo-multiplicative unitary, £ 1; 
d in D($)p, v°), £ in D( a Sj, v) and T)\, r] 2 in Sj. Then, we have : 

(cT2i/(lfi /3®a 0>)(lj5 /3® a W 7 ) (£1 77i ,3®^ £) |r/ 2 q®^ (Cl /3®a C2)) = 

TV TV v v v o v 

(Wfal 0l^2a^a(< Cl,6 >/3,^)C2) 

Proof. The scalar product 

(0" 2l /(l« 0>)(lfi /3®Q /J®^ ^1 p® a £)|t?2 a® p (Cl P®a C2)) 

AT AT v v o v 

is equal to : 

((ll5 P®a O v °)0-f} p®a W)(£l p® a 77l p® a f)ICl f3®a C2 ,3®^ 7fe) 
TV TV v v v v 

and to : 

(£l P®a W(7]i p® a 0|Cl (3® a (^2 a® p GO) 

!V !^ f j/O 

from which we get the result. □ 

3.6. Proposition. LetW be an (a, (3, (3) -pseudo-multiplicative unitary, 
T £/ie coproduct constructed in \3. 6 A £ in D( a $), v), r\ in D(fiz, v°). Let 
£1, 771 m D(fip,v°), £2, ^2 D( a $),v); then, we have : 

(r((zd * /3 ® a ^ 773) = 

* id)(W)(u mjV2 * id){W)i\ri) 

Proof. The scalar product 

(r((id * W € ,,)(W0)(£l /3®a |6 ,3®a 

is equal to, using the definition of Y ()3.2|) : 

((1 a ®p (id * 0J^)(W))W(^ p® a Vl)\W(& /3®a 772)) 

v o V V 

or, to : 

((1 a®p W){W p® a l)(£l ^ 77! ^ £)|(W ^ l)((£ 2 p®a Vl) a® p V) 

which, using the pentagonal equation (j3.1|) . is equal to the scalar prod- 
uct of the vector : 

(o> 1 J5 )( W)o2„(lj5 CT^)(lft f3®a W)(£i p® a T] X p® a £) 

jyo jyo AT AT v v 

with the vector (£ 2 /3<8> a 772) <*®g 77, which is equal to : 

(o"2^(l^ j3®a 0- u o)(l$j p® a W)(£i p® a 771 £)|7] 2 a®^ (W / *(£ 2 a®Tj 

TV TV v v u o v 
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Defining now Q, Q as in 13.41 we get, using 13*31 that it is equal to : 

which, thanks to EH is equal to : 

(W(tix p® a 01% a ®$ * id)(W)*rj) 

and, therefore, to 

{{u vltV2 *id){w)i\{u^*id){wy^ 

which finishes the proof. □ 

3.7. Manageable pseudo-multiplicative unitaries. Following S.L. 
Woronowicz ([W3]), F. Lesieur had introduced the notion of a "man- 
ageable" pseudo-mutiplicative unitary. 

Definition Let iV be a von Neumann algebra; let be a Hilbert 
space on which N has a non degenerate normal representation a and 
a non-degenerate normal anti-representation (3. Let us suppose that 
there exists an antilinear bijective unitary J on $), such that J 2 = 1, 
and, let us define, for all n in N : 

P(n) = Ja(n*)J 

which gives another non-degenerate normal anti-representation (3 of N 
on ft. We then easily get that D(Sja) = JX>( a fj, is), and, for all £, 77 in 

D( a S),is), we have BP(j£) = JR a (t;)J u , and, therefore : 

< J£,Jr]>0,„o=<V,Z> o a , v 
Let now W be a pseudo-multiplicative unitary over the basis N, with 
respect to the representation a, and the anti-representations (3 and j3, 
in the sense of EH let us suppose that there exists a positive self-adjoint 
operator Fon^, such that, for all t in M and n in N, we have : 

P i 'a(n)P~ i ' = a«(n)) 
P u p{n)p- lt = (3{a v t {n)) 
P it (3{n)p- it = /3«(n)) 
which allows us to define a one-parameter group of unitaries P lt p® a P %t 

on fj p® a 5}, and also P lt P lt on S) fj. Then, W will be said 

manageable (with managing operator P), if we have : 

>0 



W(P U P ® Q P u ) = (P u a ® B P U )W 



V" 



and if, for all v in ViP 1 / 2 ), w in P(P 1 / 2 ), and p, q in D( a S),v) fl 
Dffip, u°), we have : 

(W*(v a ® $ q)\w p ® a p) = (W (P~ 1/2 v p ® a Jp)\P 1/2 w a ® $ Jq) 
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3.8. Lemma. Let us take the hypothesis of \3. 7| Then, if p belongs to 
D( a Sj,u) n n V(P 1 ' 2 ) such that P^p belongs to D( a fi,v), 
and q belongs to D( a $j,u) fl D(9j^u°) n V(P- 1 ' 2 ) such that p- l ' 2 q 
belongs to D(S)z,u°) ! then we have : 

(id * LO Jp ,j q )(W)* = (id * u P i/2 Pj p-i/2 q )(W) 

Proof. Let us take v in T)(P^ 1 ^ 2 ), w in T)(P 1 ^ 2 ); then, we have, using 
ET71 : 

((id*uj Jpy j q )(W)*v\w) = (v\(id*u Jp j q )(W)w) 

= (v a ®p Jq\W(w p® a Jp)) 

v° v 

= (W(p- 1/2 Vp® a p)\P 1/2 w a ® $ q) 
= (W(v^ Q P 1/2 p)\w a ^ $ p- 1/2 q) 

= ((id * ujpi/2 Pt p-i/2 q )(W)v\w) 
which, by density, gives the result. □ 

3.9. Lemma. Let us take the hypothesis of \3. 7| For any p in D( a Sj,u)r\ 
D($j0, v°), there exists a sequence p n in D( a S), v)r\D(S)^ v°)rXD(P l / 2 )n 
V(P~ 1 / 2 ), such that P 1 l 2 p n belongs to D( a S),v), P~ x l 2 p n belongs to 
D(^)p,v°), and such that R a ' u (p n ) is weakly converging to R a,u (p) and 

RP' v °(p n ) is weakly converging to R^' v °(p). 



Proof. Let us write : 



p n = 1-H !°° e ~ nt2 P u pdt 



It is a usual calculation to prove that p n belongs to V(P 1 / 2 ) n£>(P~ 1/2 ); 
moreover, we get, for any a in 91^ : 

a(a)p n = ^ [ e~ nt2 a(a)P u pdt 

K J-oo 

e- nt2 P u a(a u _ t (a))pdt 

/oo 
e- nt2 P it R a ^(p)A- it A I/ (a)dt 
■oo 



>n 

7T 
7T 

from which we get that : 



oo 
oo 



oo 
oo 



\\a(a)p n \\ e~ ni? \\R^(p)\\\\K(a)\\dt 

^ J-oo 

which proves that p n belongs to -D( Q .fj, v) and that : 

ll^fon) II < 
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Moreover, we have, going on the same calculation 



R a ' u ( Pn )A u (a) = - I e- tZ P^R a ' u (p)A^A u (a)dt 



7T 



which, using Lebesgue's theorem, is converging to R a,u (p)A u (a). With 
the norm majoration, we get this way the weak convergence of R a,v {p n ) 
to R a,u (p). The fact that R^' y0 {p n ) is weakly converging to R /3 ' v °(p) is 
obtained the very same way. □ 



3.10. Proposition. Let N be a von Neumann algebra; let $j be a 
Hilbert space on which N has a non degenerate normal representation a 
and a non- degenerate normal anti-representation (3. Let us suppose that 
there exists an antilinear bijective unitary J on $), such that J 2 = 1, 
and, let us define, for all n in N : 



(3{n) = Ja{n*)J 



which gives another non- degenerate normal anti-representation (3 of 
N on f). Let us suppose that, for each £ in D( a S),u), there exists 
a sequence £ n in D( a $),v) fl D^^v ) such that R a ' u {^ n ) is weakly 
converging to R a,v {^). 

Let now W be a pseudo-multiplicative unitary over the basis N , with 
respect to the representation a, and the anti-representations (3 and f3, 
in the sense o/ l.V. 1\ let us suppose that there exists a positive self-adjoint 
operator P on Sj such that W is manageable, with managing operator 
P, in the sense of \S.l\ Then : 

(i) W is weakly regular; 

(ii) the weakly closed algebra A W (W) is closed under the * operation, 
and is therefore equal to the von Neumann algebra A(W); 

(Hi) A n (W) PI A n (W)* is a non degenerate C* -algebra, which is weakly 
dense in A(W). Moreover, if y E N is analytical with respect to v, 
then a(y) and /3(y) belong to the multipliers of this C* -algebra, 
(iv) if N is abelian, then A n (W) is a non degenerate C* -algebra, which 
is weakly dense in A{W); moreover, we have a(N) C M(A n (W)) and 
(3(N)cM(A n (W)). 



Proof. Let's take v in D( a $), i/)nD(P" 1/2 ) such that such that P~ 1/2 v 
belongs to D( a $j,v), and w in D( a $j, u) n £>(P 1/2 ) such that P 1 / 2 w 
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belongs to D( a S^, v); we have then, for any p in D( a Sj, v) and q in ft : 

(R a ' v (v)R a ' v (p)*q\w) = (R a ' u (v)J u R^°(Jp)*q\w) 

= (R a ' u (v)J u A u (< Jq, Jp >^ )\w) 

= (P-^R^^JA^ Jq, Jp >^ u o)\P l/2 w) 

= (R^(P- 1 / 2 v)J v K(< Jq, Jp >^ )\P l/2 w) 

= (a(< Jq, Jp >^ u0 )P- 1/2 v\P 1/2 w) 

= (Jp p®*P~ 1/2 v\Jq fj® a P 1/2 w) 

V V 

There exists H G 9) a ®p fj such that 

a u oWa u E = Jp p® a P~ 1/2 v 

Using there exists elements p\ in D( a S^, v) n D(Sjs, v°), and v\ in 
D( a Sj, v)C]V(p- 1 / 2 ) such that P" 1/2 4 belongs to D(fi a , u), such that 

k=n(i) 

E = li mi Jpi *®P p ~ 1/2v l 
k=i 

from which we get, using definition 13 . 71 that (R a,u (v ) R a,u (p)* q\w) is the 
limit of : 

J2( W ( P ~ l/2v if3®° J Pi)\P 1/2 Wa®pJq) = {W(vi a ® $ q)\wf,® a pi) 

= ((id* u p i >v i{a v oW)*q\w) 

from which we get that 9 a,u (p, v) = lirrii ^2 k (id*uj p i jV i )(a v oW), and that 
9 a,u (p,v) belongs to C W (W); using again HJHIJ we get (i). One should 
note that this proof is mostly borrowed from ([L3], 6.5); the proof that 
(i) implies (ii) is in ([E2], 3. 12(h)), but we shall prove directly (ii) and 
(iii) by the following considerations. 

Thanks to ESI if P belongs to D( a S), v) HD($)0, u°)nV(P 1 / 2 ) such that 
pi/2p belongs to D( a Sj, u), and if q belongs to D( a Sj, v) fl D(S^&, u°) n 
V(P^ 1 ^ 2 ) such that P~ l l 2 q belongs to D(S)^, then we have : 

(id*u} Jp ,jq)(Wy = (id*ujpi/2 Pt p-i/ 2q )(W) 

and, therefore, (id * ooj Pt j q )(W) belongs to A n (W) H A n (W)* . 
Moreover, if £ and rj belong to D( a S), v) C\D(S)b, v°), then, using 13 .91 it 
is possible to construct sequences p n and q n verifying such conditions, 
such that R l3 ' u °(p n ) is weakly converging to R /3 ' u "(£) (or, equivalently, 
R a,v (Jp n ) is weakly converging to R a ' u (J^)) and R a,l '(q n ) is weakly 
converging to R a,u (r]) (or, equivalently, R^ ,v °(Jq n ) is weakly converging 
to R^°(J V )). 

So, the element (id * u>j^j v )(W) is the weak limit of the sequence of 
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operators (id * u Jpn)Jqn )(W), which belong to A n (W) D A n (W)* . So, 

the element (id * wjt,j v )(W) belongs to A W (W) H A W (W)* . 

So, we obtain that, for all £ in -D( a i], u), and 77 in D(S)g,u°), then the 

element (id*u^ y71 )(W) belongs also to A W (W) nA w (W)*. So we obtain 

that A W (W) is included into A W (W) H A W (W)*, which gives (ii). 

In fact, we have obtained that elements in A n (W)f)A n (W)* are weakly 

dense in A.(W), which, thanks to several remarks made in 13.21 gives 

(hi). 

If iV is abelian, the weight u is a trace, and the managing operator P 
defined in 13.71 is affiliated to a(N)' D $(N)'. Let us write : 

POO 

P = e\de x 
Jo 

and let us define p n = f™, de\. Then p n is an increasing sequence of 

projections, weakly converging to 1, in at(N)' D P(N)'; let us take x in 
^4*,t (with the notations of 12.2. 1J) : then the vectors p n A< s> (x) belong to 
D( a H, u)nD(H^u°)f]V(P 1 / 2 )nD(p- 1 / 2 ) and both P x l 2 p n A*{x) and 
P^ 1/2 p n A^(x) belong to D( a H, v) H D(Hs, v°). So, using (iii), we get 
that, for x, y in A$ >T , the operator (id*u Jpnk ^ {x))JpnK ^ y) )(W) belongs 
to A n (W) n A n (W)* . Using ([E2], 10.5), we get, taking the norm limit, 
that (id * uj JA ^ x)i j A ^ y) )(W) belongs to A n (W) n A n (W)* for any x, 
y in A$ ; t, which is equivalent, that (id * ujA <i ,(x),A^{y))(W) belongs to 
A n (W) n A n (W'y. Using nowE2l we get that (id * u^ v )(W) belongs 
to A n (W) n A n (Wy, for any £ in D( a H, v) and r] in £>(i^, z/°), and, 
therefore, we get that A n (W) C A n (W) n A n (VU)*, which finishes the 
proof. □ 

4. Lesieur's measured quantum groupoids 

In this section, we give a resume of Lesieur's construction of "mea- 
sured quantum groupoids" ([LI], [L2]) ()4.2|) and " generalized measured 
quantum groupoids" ([L3]) ()4.4j) . We then obtain some technical results 
about the algebra generated by the left leg of the pseudo-multiplicative 
unitary, especially when the basis is abelian f)4.7l 14.81 14.111) . 

4.1. Definitions ([LI], [L2]). Let (N, M, a, /3, T) be a Hopf-bimodule, 
as defined in I2.5( a normal, semi-finite, faithful operator valued weight 
T from M to a(N) is said to be left-invariant if, for all x G we 
have : 

(id /3* a T)T(x) = T(x) /3® Q 1 
JV N 

A normal, semi- finite, faithful operator- valued weight T' from M to 
f3(N) will be said to be right-invariant if it is left-invariant with respect 
to the symmetrized Hopf-bimodule, i.e., if, for all x G 971^,, we have : 

(T' p* a id)T(x) = l p ® a T'(x) 

N N 
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In the case of a Hopf-bimodule, with a left-invariant normal, semi- 
finite, faithful operator valued weight T from M to a(N), Lesieur had 
constructed an isometry U in the following way : let us choose a normal, 
semi-finite, faithful weight \x on N, and let us write $ = v o a^ 1 o T, 
which is a normal, semi-finite, faithful weight on M; let us write H = 
J = J$, A = A$ for the canonical objects of the Tomita-Takesaki 
theory associated to the weight $, and let us define, for x in N, (3{x) = 
Ja(x*)J. Then, there exists an unique isometry U from H a ®z H to 

H p® a H, such that, for any (/3, /z°) -orthogonal basis of Hp, for 

n 

any a in 91^ fl 91$ and for any t> in D(Hp, we have 

U(v a <3p A$(a)) = ^6 /3®a A$((cj 1 , i5i /3* Q id)(r(a))) 

Then, Lesieur proved that, if there exists a right-invariant normal, 
semi-finite, faithful operator valued weight T' from M to /3(N), then 
this isometry is a unitary, and that W — U* is an (a, /3, /^-pseudo- 
multiplicative unitary from if ^(g^ H to H H . 

Proposition Lei (N, M,a, /3,T) be a Hopf-bimodule, as defined in 
\2. 51 let us suppose that there exist a normal, semi-finite, faithful left- 
invariant operator valued weight T from M to a(N) and a right-invariant 
normal, semi-finite, faithful operator valued weight T' from M to /3(N); 
let us write $ = v o a" 1 o T, and let us define, for n in N, (3{n) = 
J$a(n*) J$,/ then the (a, (3, 0) -pseudo-multiplicative unitary from Hp® a 

H to H a ®p H verifies, for any x, y\, y 2 in %It H 9t$ : 

(* * w J«A#(i£iia),A«(aO)(W') = (^/J*a^J*A*(y 2 ),J*A*(yi))r(x*) 

AT 

Proof. This is just ([L2], 3.19). □ 

4.2. Definition ([LI], [L2]). Lesieur defined a "measured quantum 
groupoid" as an 8-uple, (N, M, a, j3, T, T, T', u), where (N, M, a, (3, Y) is 
a Hopf-bimodule, T (resp. T") is a left-invariant (resp. right-invariant) 
normal, semi-finite, faithful operator-valued weight from M to a(N) 
(resp. (3(N)), and v is a normal semi-finite faithful weight on N such 
that, for all t in M. and n in N : 

= <*f («(")) 

= *fG9(n)) 

and this last axiom allowed him to mimick ([KV]) and to define the 
analog of an antipode, co-inverse, scaling automorphism group, modu- 
lus, scaling operator. More precisely, Lesieur had constructed : 
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- a co-inverse R, which is a *-anti-automorphism of M, such that 
R 2 = id, R o a = [3, satisfying : 

ToR = q(R fi * a R)T 

N 

- a scaling group r t , which is a one-parameter group of automorphisms 
of M, such that r t o a = a o a", r t o (3 = (3 o a v t , and : 

r o r t = (r t p * a r t )T 

N 

Then S = Ro Xj/ 2 is an unbounded antipode, satifying, for all u, v in 
D( a H, v) n D(Hp, v°) : 

S((i*u ViW )(W)) = (i*u v>w )(W*) 

Moreover, we have also : 

r°T t = (a* fi * a at° t R )T 

N 

- a scaling operator A which is a strictly positive operator affiliated to 
Z(M) fl a(N) fl P(N), and a modulus 6, which is a stricltly positive 
operator affiliated to M n a(JV)' n P(N) f , such that : 

The modulus verifies = 5 ^(^a 5. 

Then, there exists a strictly positive operator P on H defined, for all 
x E 0t$ by 

P' J 'A$(x) = A* /2 A$(r i (x)) 

and the pseudo-multiplicative unitary W is manageable, with managing 
operator P. Moreover, for any y in M, we have Tt(y) = p it yp- lt ^ and 

Lesieur had also proved that, if (N, M, a, (3, T, T, T', v) is a quantum 
groupoid, so is the symmetrized one (N°, M, (3, a, ^ o T, T', T, v°). 

4.3. Fundamental example. Let us come back to the fundamental 
example described in 13.31 and use the notations of 13. 3( Lesieur had 
shown ([LI], [L2]) that the 8-uple : 

(0<°> , fl) , L°° (G, v) , r g , s g , Y g , T, T', /i) 

is a measured quantum groupoid, where \i is a quasi-invariant measure 
on C/(°), z/ the measure constructed on using /i and the Haar system 
{^ u )ueg(°h r g-, s g-> ^g had been defined in 12. 5[ T and T" are given by, 
for / positive in L°°{Q, is), by : 

T(f)(u) = [ fd\ u 
Jgm 

T'(f)(u) = [ fd\ u 
Jg(o) 

where X u is the image of A" by the application x \— > x^ 1 . 
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4.4. Definition ([L3]). Unfortunately, this theory, resumed in 14.21 
appeared to be too restrictive : namely, the axiom on the auxiliary 
weight v is too restrictive, and prevents Lesieur from obtaining a nice 
duality theory, except in the case when N is semi-finite. So Lesieur 
had to construct a wider class of objects, called "generalized measured 
quantum groupoids"; these are 10-uple, (N, M, a, (3, T, T, R, v, r*, jt), 
where (N, M, a, j3, T) is a Hopf-bimodule as defined in 12. 5| T is a left- 
invariant normal semi- finite faithful weight, as defined in 14. 1| R is a 
co-inverse as defined in 14.21 r t is a one parameter automorphism group 
of M, 7 t a one parameter automorphism group of N, and v a normal 
semi-finite faithful weight on N; moreover, these data are supposed to 
verify (where $ = v o a -1 o T) : 
-T t op = Poa% 

- (n /3* a erf )r = T o erf 

N 

- T t O R = R O Tf 

- for any a, b in OTt H 0^$, we have : 

R((id f3* a uj, hA9>(a) )T(b*b)) = (id^* a w J# A»(6))r(a*o) 

JV AT 

T t ((id p * a w J$ A $(a ))r(6*6)) = ((^ / a* a ^j 4 ,A a ,(<T*(a)))r(o-f (&*&))) 

AT JV 

- a J o(3 = (3o lt 

-V O 7j = Z7 

These axioms, mostly inspired from [MNW], are clearly two compli- 
cated and should be simplified. However, in that R o T o R 
is a right-invariant operator valued weight, we can apply I4~T1 and con- 
struct a pseudo-multiplicative unitary W; Lesieur, in [L3], proved in 
that situation a nice duality theory, starting from the dual pseudo- 
multiplicative unitary W = a v oW*a v o. He obtained all these data for 
the dual object, the role of (3 and (3 are interchanged, and he obtained 
also that % = 1-t- 

Using 14. 2\ we see that measured quantum groupoids are generalized 
measured quantum groupoids; there are exactly those for which ^ t = 

Moreover, the properties listed in 14.21 remains valid in that more gen- 
eral case, except that the modulus 5 no longer commutes with a and 
(3; more precisely, Lesieur had obtained that, for all n in N and t in K 

S u a(n)5- U = a{ lt a u t {n)) 

5*(3(n)5- u = /3( 7 t<(n)) 
These properties allows us to give a meaning to 5 p® a 5, and Lesieur 
obtained again T(5) =5 p® a 5. 
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4.5. Proposition ([L3], 5.1). Let (N, M, a, (3, T, T, R, u, r t , j t ) be a 

generalized measured quantum groupoid in the sense of Lesieur; then : 

(i) the left ideal 91^ fl ^RoToR H 91$ fl 9T$ /j is dense in M; the subspace 
A$(9V fl yijioToR H 91$ fl 9I$ q r) is dense in if$; for any x in %It H 91$, 
there exist x n in 9Tt H ^roTor, H 91$ fl 9 f t$ ,R swc/i i/iai Ar(x„) zs weakly 
converging to At(x); if N is abelian, Ay(a; n ) is norm converging to 
At(x). 

(ii) for all £ in D( a H,u), there exists a sequence £ n in D( a H,u) fl 
D(Hp, u°), such that £ n is converging to £ ; and R a,u (C, n ) is weakly con- 
verging to R a ' u (^). If N is abelian, R a,u (l; n ) is norm converging to 
R a <"(Q. 

4.6. Theorem. Let (N, M, a, j3, T, T, R, u, r t , j t ) be a generalized mea- 
sured quantum groupoid in the sense of Lesieur; then, for any £, r\ in 
D( a H, v), for all t in R ; we have : 

(i) R{{i * = (i * ou VtJ ^)(W) 

(ii) r t ((z * ws,j t f,)(W)) = (i * Uprt^tj^iW) 

(ill) <T*((l * UJ^ V )(W)) = (l * UJ S uj^-u J<s>A7 ^^ pitJ ^)(W) 

af oR ((i * u^ v ){W)) = (i * u; pi%sit j 95 - itj9A -itj^)(W) 

Proof. By proposition ^. 1[ the result (i) a just the application of l2.2.1l to 
the basic prioperty of R given in !4.4[ and (ii) is given by the properties 
of the managing operator P. 

Let us take £ = J$A$(y*?/2), and r] = J$A$(x), with x, y±, y^ in 
9T T fl 91$; then, using E) andlOl we get : 

^f((»*Wj*A»(vI OT )A*(x))W) = (^/3* a ^J <5 A $ ( ?/2 ),J $ A $ ( 2/1 )0^f 0/? )r(n(x*)) 

which is equal to : 

(^/3* Q ^J s A $ (At/V?°- R ( 2 / 2 ) 1 J s A s (A*/2 CT ??«(yi))r(T t (x*)) 
N 

= (id f3* a ^j $ A$(<7?; is (j/2),J*A $ (<T?°«(2/i))r(AV t (a;*)) 

A 

which, using again 14.11 and I4.2[ is equal to : 

(« * W J*A.(a* »(tf W )),A.(A*7i(*)))(W') 

= (* * w J 4 ,<5- i *J $ <5 rf J<„A^A <I> ( ? /* ? / 2 ),P it A 4 ,(x))(W / ) 

which gives the first result of (iii), using 12721 
By similar calculations, we obtain : 

af oR {{i * wj*A,(tf K! ),A.(*))(W0) 

= (id (3* a ujj^ am> j 9 a M o T t )T(af oR (x*)) 

N 



CONTINUOUS FIELDS OF C-ALGEBRAS AND QUANTUM GROUPOIDS 33 

which is equal to : 

(id {3* a ^j # A $ (A'/2 rt ( y2 ) ) j # A # (Ai/2 rt ( yi ))r(crf oR (x*)) 
N 

= (i* Wj*A*(A*rt(vIl/2)),A*(<7*°«(x)))(W) 

from which we obtain the second result of (iii). □ 

4.7. Corollary. Let (N, M, a, f3,T,T, R,u,T t , j t ) be a generalized mea- 
sured quantum groupoid in the sense of Lesieur; let £ ; r\ in D( a H,u), 
then : 

(i) for any t in R, we have af(A n (W)) = A n (W). 

(ii) if < £,£ >° a v belongs to C*(i) and < 77,77 >° a u to C*(a v ), then 
(**Wf,j OT )(W) belongs to C*(ct*)/ so, if N is abelian, and if 7 = id, 
thenA n (W)cC*(a*). 

(iii) if < £,£ >° a v belongs to C*(a v ) and < rf,rf >° a v to C*(7) ; then 
(i * u^j^iW) belongs to C*(cr* oiJ ); so, if N is abelian, and ifj = id, 
then A n (W) C C*(a* oi? ). 

(iv) if<£,£ >% and < V,V >° a ,u belon 9 to C*K)> then (i*w t , Jltn )(W) 
belongs to C*(r); so, if N is abelian, then A n (W) C C*(r). 

Proof. By the norm continuity of a? 1— > af(x), the first result is a simple 
corollary of I4.fif iii). Let now be V the self-adjoint positive operator 
defined on L 2 (N) defined, for all n in %l v and t in R by : 

V lt K(n) = A„( Tt (n)) 

We have then : 

R a ' v {5 it J^5- it J^ it OA u {n) = a(n)5 i *J$5- i *J$A^'e 

= *TWnm 

from which we get that R a ' u (5* J^A^t) = K*> v (£)V it and that 

Therefore, if the function t 1— > 7*(< £, £ >°) is norm continuous, so is 
the function 1 1-> 11^(5** J*^* J A^*£)||. 
On the other hand, we have : 

R a >"{P u £)A u {n) = a{n)P u t = P u a{or»{n))t = P u R a ' u ^)A^A v (n) 

from which we get that < P l *£, P %t ^ >° a v — o v _ t (< £, £ >° au )\ from these 
results, using l4~T)T iii) and I4.fi( ii). we get easily (ii), (iii) and (iv). □ 
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4.8. Proposition. Let (N, M, a, j3,T,T, R,u,r t , jt) be a generalized mea- 
sured quantum groupoid in the sense of Lesieur; then : 

(i) if x is in 9Vn9T$ ; and y is in Dt^ H ^JIroTor H 9t$ , then the operator 
(i * ^J A (y*y)M(x*x)){W) belongs to 971+ n Wl^ and we have : 

* Uj*a*(m)M(x*x))(W)) = (RoT o R(y*y)J^(x)\J^(x)) 

T((i * Wj,A*(y« W )^*(x*x))(W)) 

= a(< T o R(y*y)Jq > A^(x), J$A<s>(x) > a ,i/) 

< ||Toi%*n)||T(xV) 

i/x, ?/ are in 9t T n 9? H oTo,r n 91$, tten (z * uJj A (y y ),A (x*x)){W) 
belongs to Wl^ n 971 J n 97t^ oToT n 97lJ 0jR . 

fm,) i/x, y are in 97t T n97T iJoToi? n97t$n97t$ , R , i/ien (i*Wj»A«(,/) I A«(x))(W r ) 
belongs to 97t T H 971$ n WI Ro tor H 9)T$o/?- 

(to,) i/ A" is abelian and 7 = id, i/ie restrctions of $ and $ o i? to 
Ai(W0 are faithful lower semi- continuous densely defined KMS weights 
on A n (W). 

Proof. Using |4~T1 we obtain that the operator («*Wj 4 ,A 4 ,( 2 /*y),A $ (x*x))(W /r ) 
is positive, and that : 

RoT((i*ujj^ [ry)M{x , x) )(W)) = RoToR((i*uj^ {x * x)M{y * y) )(W)) 
which, using I4.6f iii) and the right-invariance of R o T o i?, is equal to : 

R°T o R((id p * a u J<s>k<s>(x) )Y(y*y)) 

N 

= (id p* a u j0A9 ( x ))(l f3® a RoT o R(y*y)) 

N N 

= /?(< RoT o R(y*y)J^A^(x), J$A (x) > a> „) 

from which we get (i); we then get (ii) by using l4~6T i). and (iii) is just 
given by linearity. Let us write $ for the restriction of $ to A n (W); If 
A" is abelian, using then Dini's theorem and (iii), we get that, if x, y are 
in 9T r n9 f I <I ,n9T (I , 0jR n9 r t i?oToi? , the operator (i * (y ) , A< t ( a ) ) {W ) belongs 
to the norm closure of 971^ nOTt^^; so, using l4.5n ) and l2.2.lT iii). we get 
that $ is densely defined in A n (W); moreover, if 7 = id, using l4~7T ii L 
we get that $ is KMS, which finishes the proof. □ 

4.9. Lemma. Let (5 = (N, M,a, /3,T,T, R,u,Tt,jt) be a generalized 
measured quantum groupoid in the sense of Lesieur; let us define $ = 
v o a~ x o T; then, we have, for all x in 91$ : 

^.h,Ag,(x) o R = tOj^ oR A^ aR (R( x *)) 

Proof. Let y be analytical with respect to both $ and $ o R- we then 
get that : 

< ujsAs(x),y >= $((T* 2 (y)x*x) 
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and, therefore : 

< ^.AsOr) °R,y> = $(cr? /2 (R(y))x*x) 

= $oR{R(x*x)<r%(v)) 

= $ o R(af° R (y*)R(x)R(x*)) 

which, by a similar calculation, is equal to < ^j 9oR a 9oR (R(x*)), V* >', 
which gives the result. □ 

4.10. Lemma. Let = (N, M,a, (3,T,T, R,v,Tt,jt) be a generalized 
measured quantum groupoid in the sense of Lesieur, and let us suppose 
that the von Neuman algebra N is abelian; let us use the notations of 
VnW iv) and consider the C- subalgebra A n (W) of M HICT h;)): 
for any x in 91^ H 9?$, there exists x n in A n (W) fl VJIt H 9Jt$ such that 
At(x h ) is norm converging to At(x). 

Proof. As a(N) c M(A n (W)) lETTnT iv)). we get that T(A n (W) n 
9JIt) is an ideal of a(N), which, by normality of T, is weakly dense 
in N; let e n be a countable approximate unit of T(A n (W) fl Tlx)] 
we have e n T(x*x) = T(x*e n x), which is increasing to T(x*x), and, 
using Dini's theorem, is therefore norm converging to T(x*x). Let 
/„ positive in A n (W) such that e n = T(f n ); we have e n T(x*x) = 
T(T(x*x) 1 / 2 f n T(x*x) 1 / 2 ) = T(x* n x n ), where x n = fl /2 T(x*xf/ 2 be- 
longs to A n (W) fl DJIt- We then get that At(x„) is norm converging to 
A T (x). □ 

4.11. Theorem. Let <3 = (N, M, a, j3, T, T, R, u, r t , 7t) be a generalized 
measured quantum groupoid in the sense of Lesieur, and let us suppose 
that the von Neuman algebra N is abelian; let us use the notations of 
Urmf m) and consider the C*- subalgebra A n {W) of M I5H VTWi/ir!!: 
then, for all x\, x 2 in A n {W) fl 9tr fl 9t$, y\, y2 in A n (W) fl ^RoToR H 
9T$ .r, we have : 

(i) we have : 

(idf3* a coj^ {xi)! j^ X2) )T(A n (W)) C A n (W) 

N 

and the closed linear set generated by all elements of the form 

(id p* a UJj^(xi),J^A^(x 2 ))^(x) 
N 

where x is in A n (W), x\, x 2 in A n {W) fl 9tr fl 91$, is equal to A n (W). 

(ii) we have : 

K^ostwJAMfB) /3*° id)V(A n (W)) c A n (W) 

N 
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and the closed linear set generated by all elements of the form 

(wj# oJl A« OJi ( ltt ),A»oii(va) P*<x id ) T (v) 

N 

where y is in A n (W), y\, 2/2 in A n (W) D WIroTor H 9T$ .r, is equal to 
A n (W). 

Proof. Let us take x, x\, %2 in 91r PI 9T$; we have, by prop. 14.11 : 

(id [3* a a;j sAs (a;i),J 4 ,A 4 ,(a ;2 ))r(x*) = (id * W JitAm ( x * X2 ) )A9 ( x ))(W) 
N 

If x is in A n (^)nD f t T nDl$; by the norm density of A n (W)nm T n < yi^ into 

Ai(W), we get that, for any y in A„(W), (id/9* a Wj t A*(*0.J»A*(*»)) r G/) 

iv 

belongs to A n (W), from which we get the first result of (i). 
Using |4~TI we get that the first closed linear set contains all elements of 
the form (id*u J<s>A<s> ^ x * X2))A ^ x) )(W), where x, x x , x 2 are in A n (W)n^X T ^ 
9T$, and, by linearity, all elements of the form (id * &j iS ,A< lt (y),A< s >(x))(W), 
where x is in A n (W)n < yi T r\ s yi<i> and y is in A n (W) H 971^971$; using then 
14.101 we get it contains all elements of the form (id* u> j^a 9 (v),A 9 (x))(W) , 
where x, y belong to 9Tr fl so, by prop 12.21 l(iii). it contains all 
elements of the form (i * u^ v )(W), where £ is in D( Q H, v) and r\ is in 
D(Hs, u°). So, it contains A n (W), and, bv 14.111 h is equal to A n (W), 
which is (i). 

We have now, using 14.91 : 

( UJ J^oRA<s>o R (xi)A<ioR(x2) I3*a id)Y(x) 

N 

= (^J 9 A^(R(x%),J^A^(R(xt)) ° R I3*a id)T(x) 

N 

= R((id p * a uj*a*(R(xS)),j*a*(R(xI)))F(R(x)) 

N 

which gives (ii). □ 

5. Measured continuous fields of C*-algebras 

In that chapter, we prepare the study of the case when the basis 
is central; for that purpose, we recall the basic definitions and results 
about Cq(X) — C*-algebras and continuous fields of C*-algebras (j5.1j) . 
We then give, in that context, the definition of continuous fields of 
weights (|5.2|) and a result ()5.3J) which leads to the definition of a "mea- 
sured continuous field of C*-algebras" (|5.4j) . which will be basic data 
for the construction of C*-quantum groupoids. 

In the case of two measured continuous fields of C*-algebras, we show 
that the min tensor product introduced by Blanchard can be described 
then with the help of Sauvageot's relative tensor product (|5.5j) ; more- 
over, if we take the tensor product of a measurable continuous field 
of C*-algebras by itself, the C*-algebra obtained is again a continuous 
field of C* -algebras (pTTf) . 
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5.1. Definitions. Let X be a locally compact space; following [Ka], 
we shall say that a C*-algebra A is a C (X) — C*-algebra if there 
exists an injective non degenerate *-homomorphism a from Cq(X) into 
Z(M{A)). If x G X, let us write C X {X) for the ideal of C (X) made of 
all functions in Cq{X) with value at x, and let us consider a(C x (X))A, 
which is an ideal in A; let us write A x for the quotient C*-algebra 
A/ a(C x (X))A. For any a in A, let us write a x for its image in A x . 
Then, we have ([B2], 2.8) : 

||a|| = sup xeX \\a x \\ 

By definition [D], we shall say that A is a continuous field over X if 
the function x h- > \\a x \\ is continuous. 

Let A be a C (X) — C*-algebra, and £ be a C (X)-Hilbert module; 
let 7r be a Co(X)-linear morphism 7r from A to £(£) (which means 
that the specialization ir x is a representation of A on the Hilbert space 
£ x whose kernel contains a(C x (X))A). We say that n is a continuous 
field of faithful representations if Kern x = ct(C x (X))A. We may then 
consider faithful representation of the C*-algebra A x on S x . It 

is proved in ([B2], 3.3) that, if A is a separable C (X) — C*-algebra, 
the following are equivalent : 

(i) A is a continuous field over X of C*-algebras 

(ii) there exists a continuous field of faithful representations of A. 

Given two Co(X)-algebras A\ and A 2 , Blanchard ([Bl], 2.9) had defined 
the minimal C*-norm on the involutive algebra {A\ A2)/ J(Ai, A2), 
where A 1 A 2 is the algebraic tensor product of the algebras A 1 and 
A 2 , and J(A l7 A 2 ) the involutive ideal in Ai A 2 made of finite sums 
Y^=i a i ® with a; G Ai, hi E A 2 , such that YH=i a i ® bf — 0, for all 
x G X . This C*-norm is given by : 

n n 

|| J^fli bi\\ m = sup xeX \\^2a x b x \\ m 

i=l i=l 

where, on the right hand on the formula, is taken the minimal tensor 
product of the C*-algebras A\ and A 2 . The completion with respect 
to that norm will be called the minimal tensor product of the Cq(X)- 
algebras A\ and A 2 , and will be denoted A\ <S>c f X ) ^2- 
In the case of measured fields of C*-algebras, it is proved in ([B2], 3.21) 
that this C*-algebra, equipped with the morphism / 1— > / 0™ O ( X ) 1 — 
l®c (x)f is equal to the C (X) — C*-algebra Ai® Co (x)A 2 . (If ^ (resp. 
tt 2 ) is a faithful non degenerate Co(X)-representation on a Cq(X)- 
Hilbert module E\ (resp. £ 2 ), A\ 0c o (x) ^2 is defined as operators 
on E\ 0c o (x) £2 ([B2], 3.18) and does not depend on the choice of the 
C (X)-representations ([B2], 3.20). 
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5.2. Definition. Let X be a locally compact space, and A a Cq(X) — 
C*-algebra. A continuous field of weights is a family = (ip x ) xeX such 
that : 

- for all x in X, (p x is a lower semi-continuous weight on A, such that, 
for all a in Wl v x, f in Cf,(X) + , a(f)a belongs to QJt^x and : 



<f?(a(f)a) = f(x)cp x (a) 
- for all x G X, a in A+, <£> x (a) = if and only if a G a(C x (X))A 



- there exists a norm continuous one parameter group of automorphisms 
of A, t i— > <J t , such that, for all x G X, the weights ip x are KMS with 
respect to a t ] 

- for all x G X and a E A + , the function x i— > f x {a) from X to [0, +oo] 
is Borel, and there exist a norm dense hereditary cone F C n9Jt<^ such 



that, for any a in F, the function x i— > (p x (a) belongs to Cb(X). 

We then easily get that a t is trivial on a(Cb(X)), and consider a t 
as a one parameter group of automorphisms on A x , and consider then 
ip x as a faithful lower semi-continuous densely defined weight on A x , 
which is KMS with respect to a t . 

5.3. Proposition. Let X be a locally compact space, A a Cq(X) — C*- 
algebra. and tp a continuous field of weights on A; then : 

(i) there exists a faithful representation n of A such that no a is square- 
integrable with respect to any positive measure v on X, whose support 
is X ; let a be the extension of n o a to L°°(X, v); 

(ii) there exists a normal semi-finite faithful operator-valued weight T 
from it{A)" to a(L°°(X, u)), such that, for any a in A + , T{ji{a)) is the 
image by a of the function x \— > ip x (A); 

(Hi) for all t Gl, we have : ir o a t — af o tt. 

Proof. Let v be a bounded positive Radon measure on X, whose sup- 
port is X; let us define a weight $ on A + by, for all a e A + : 



$ can be written as an upper limit of lower semi-continuous functions 
on A + , and is therefore lower semi-continuous; for any / e JC(X) and 
a G F, the function x i— > ip x (a(f)a) belongs to JC(X) and, therefore, to 
L 1 (z/) and we get that <E>(a(/)a) < oo; so, $ is semi-finite; If $'(a) = 0, 
thanks to the support of v, we get that ip x (a) = for i/- almost every 
x G X , which means that a G a(C x (X))A; therefore, for //-almost every 
x G X, we have a x = 0, and, by continuity of x i— > ||a x ||, we get that 
a x = for all x G X; as ||a|| = swp x ||a x ||, we finally get that a = 0, and 
$ is faithful. 

It is straightforward to get that $ is KMS with respect to a t ; therefore, 
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there exists an extension $ on ir^(A)" which is a normal faithful semi- 
finite weight, and n$ o a t = af o 71$. 

Let b G 9t$ such that the function x \— > ip x {b*b) is bounded, and / in 
Cq(X); we have : 



Therefore, A$(6) is bounded for the representation 7r$ oa, with respect 
to the trace v on Cq{X)\ taking now a G 9^$, we can consider the 
Borel set £> n = {x G X; ip x (a*a) < n}, a compact K n C -B n such that 
z/(5 n — K n ) < 1/n, and a function /„ in /C(X), < / n < 1, with value 
1 on K n ; then the functions x i— > <p x (a(f n ) 2 a*a) are bounded, so the 
vectors A$(a(/ n )a) are bounded for the representation 7r$ o a, with 
respect to the trace v on Co(X); as a(f n ) is strongly converging to 1, 
we get that these bounded vectors are dense. So, we infer that there 
exists an extension a of L°°(X, v) on H$. 

If we take now another positive measure v' on X, with support X, by 
the equivalence of the measures v and v', we get (i). 
From the formula o a t = af o 71$, we obtain, by continuity, that 
af(oc(f)) = a(f) for all / in L°°(X, v), and, therefore, by Take- 
saki's theorem ([T], th. 4.2), there exists a faithful semi-finite nor- 
mal operator-valued weight T from tt^(A)" to a(L°°(X, v)) such that 
$ = v o a -1 o T. 

Another positive measure v' on X, with support X, will be of the form 
gv, and the Radon Nykodym derivative g can be considered as a pos- 
tive non singular element affiliated to L°°(X, v)\ taking now the weight 
$' on tt$(A)" defined by : DQ) t = a(g) lt , we get, on one hand, 

$' = y' o 57 _1 o T, and, for all a G A + : 



from which we get (ii). 

As a(L°°(X, u)) is central, the modular group aj is equal to af , and 



5.4. Definitions. Let X be a locally compact space, A a Co(X) — C*- 
algebra, and if a continuous field of weights on A; let's take the no- 
tations of 15. 2\ It is then clear that 91^,, considered as a right Cb(X)- 
module, and equipped with the inner product (a, b) 1— > T(b*a), is a 
inner-product Cb(X)-module in the sense of [La]. (Sorry for being old- 
fashioned in writing inner products left linear). 




we get that : 



7r*(a(/))A*(6)|| 2 < su Px ^{b*b)v{\f\ 2 ) 




we have already obtained (iii). 



□ 
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Using 15.31 we can see its completion S v as the norm closure of the set 
{A T (X),X G < yi lf }; the representation n of A defined in 15. 31 is a Cb(X)- 
linear morphism and can be considered as a Cb(X)-linear morphism 
from A into C{£ 9 ), and we shall denote it 7r„. Taking the specializa- 
tion at the point x G X, we obtain an Hilbert space [E^) x , which is 
the completion of the inner product in OT^, given by (a, b) i— > (p x (b*a); 
from which we get that (E^) x = H^, and that the representation {n^x 
obtained by the specialization of ir v is equal to ti^x. As (p x , by defini- 
tion, is faithful on A x , so is tt^x, and, therefore, 7T V is a field of faithful 
representations of A ([B2], 2.11). 

Using now ([B2], th 3.3), we get that A is a continuous field of C*- 
algebras. With all these notations, we shall call (X, a,A,(p) a mea- 
sured continuous field over X of C*-algebras; for all positive measure 
yon I, the weight $ on A defined in 15 .31 for all a in A + by : 



will be denoted $ = f x <f x di/(x). 

Extending slightly the definition of a continuous field of states given in 
([Bl] 1.2), we shall say that a continuous field of positive linear forms on 
A is a positive Co(X)-linear application uo from A into M((x(Cq(X))), 
such that, for any x G X, the application X i— > u(X)(x) factors 
throught a positive linear form on the C*-algebra A x . In the situa- 
tion of a measured continuous field (X, a, A, ip) over X of C*-algebras, 
if a belongs to OT^, then the applications ui a {b) = T(a*ba) are continu- 
ous fields of positive linear forms on A; u a (b) is the image by a of the 
function x ^ (p x (a*ba). 

5.5. Proposition. Let (X, a±, A±, ipi) and (X, a>2, A2, ^2) be two mea- 
sured continuous fields of -algebras. Let v be a positive radon mea- 
sure on X, with support X. Let $1 = f x <p x dv(x) (resp. $2 = 
J x (p%dv(x) ) be the faithful, densely defined weight on A constructed 
in \5.S[ Then : 

(i) the representation 7r$ 1 o a± (resp. 7r$ 2 o o^j is a representation of 
Cq(X) on H<$> 1 (resp. H§ 2 ), which is square-integrable with respect to 
v. Let us write al (resp. 02) the representation of L°°(X,u) which 
extends ot\ (resp. a.2), and let us write again v the normal semi-finite 
faithful trace on L°°(X, v) given by the positive Radon measure v. 

(ii) the C* -algebra Ax ®>c {x) ^2 has a faithful representation w on the 
Hilbert space a r ® S jif$ 2 such that, for all a,\ G A\ and a 2 G A 2 , we 




V 



have : 



w{a\ ® o 2 ) = 71$! (ai) Qn"®s2-7r$ 2 (a2) 

JV 
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(Hi) for any finite sum with a,i G A\ and hi G A 2 , we have : 

n n 

[I ^ Ot ® h\\m = II y^<fiOi) or®«5-7r* 2 (&i)|| 

i=l i=l w 

VKe s/iaZZ therefore identify the C* -algebra A± <8)c (X) ^ 2 w ^ ^ e ^* 
generated on Hq, 1 -a^®- d ^H^ 2 by all the operators vr$ 1 (a 1 ) S 5-® S 5-7r < j >2 (a 2 ), 

v N 

or all ax G A\ and a 2 G A 2 . 

(iv) the ideal J(A 1 ,A 2 ) is generated by the elements aidi(f) ® a 2 — ai® 
a 2(f)d 2 , where a\ belongs to A 1} a 2 to A 2 and f to C (X). 

Proof. Result (i) is clear by l5.H( i). 

By ([Bl], 4.1), there exists a faithful Co(X)-linear representation of 
A\ ®c (X) ^ 2 on ^ ne Hilbert ^-module S V1 <S>c {X) A 2 , which sends 
the finite sum ^I=i a « ® h 011 the operator Ym=i 7l 'Pi( a i) ®c (x) h on 
£<pi ®c* (x) ^2- Let have a closer look at this last operator, and let's 
take finite families Xj G 91^, Cj G 9T$ 2 (j = 1, ...,m). With a repeated 
use of Cauchy-Schwartz inequality, and with the same arguments as in 
([L], 1.2), one gets that the weight $ 2 applied to : 

i=n,j=m i=n,j=m 

< 5^ 7T <Pl( a i)^Ti{Xj)®C (X)biCj, 7l Vi( a i)^T 1 { x j)®C {X)kCj> 
i=l,3=l i=l,j=l 

is less than : 

n mm 
i=l 3=1 3=1 

But, we easily get that : 

m m 
$ 2 (< J^Anfo) ®C (X) Cj^Ax^Xj) ® Co (X) Cj>) = 
3=1 j=l 

$2(^2 012 ° a l 1 ^( X *j X j) C *j C j) = 
3 

rn 

|| ^A^x^^OsjA^fCj)!! 2 

J=l 

and, therefore, we get that : 

i=n,j=m 

|| ^ f*i(a*)A*i(xi) ar®a5-vr < j, 2 (6 i )A,j )2 (c j )|| 2 



i=l,j=l 

is less than : 



ii yy yi (aj) ®c (x) m 2 ii y^A^^) g^-®^ a$ 2 i 
i=i 3=1 



42 



MICHEL ENOCK 



which, using ([Bl], 4.1), is less than : 



n 



From which we induce that : 



n 



■II 



y2 sr®sj ?r *2 ii < ii a i ® & i ii 

i=l ^ <=1 



III 



which gives (ii). 

Let us suppose now that Y^i=i 7r *i( a i) ar®aj 7r * 2 (^) = Oj with the same 



calculation as above, using the faithfulness of $2, we get that, for any 
finite families (xj)j=i t __ m and {cj) j=i,..m, we have : 



which gives that the operator Yh=i ^^i{ a i) ®c (x) h on £ Vl <S>c (x) A 2 
is equal to 0. By the faithfulness of the representation constructed 
in ([Bl] 4.1), we get that || Y^i=\ a i ® Mm — 0, and, therefore, that 
Y^=i a i®bi belongs to J(Ai, A 2 ). But, as the semi-norm XT=i a i®bi t— > 
|| Y^h=i a i®bi\\m is the minimal semi-norm on (AiQA 2 )/ J(Ai, A 2 ) ([Bl], 
2.9), we get (iii). Now (iv) is given by ([Bl], 3.1). □ 

This last proposition extends ([GM], 3.4). 

5.6. Example. Let Q be a locally compact groupoid, as described in 
13.31 Then, the transpose of applications r and s give us mappings f 
and s from C (3 (0) ) into C b (G) = M(C (g)), which gives to C (G) a 
double (via r, and via s) structure of C (G {0) ) - C*-algebra. 
As r and s are open ([Rl], 2.4), C (G) is (in two different ways, via r 
and via s) a continuous field of C*-algebras ([B2], prop. 3.14). More- 
over, if / e K(Q) the function u i-> \ u (f) belongs to K(G {Q) ) ([Rl] 2.3). 
So, it is clear that A" (resp. \ u ) is then a continuous field of weights 
on Cq{Q), via r (resp. via s), in the sense of 15.21 

By applying 15. 5f iv). we get that C (G) Co(G) is the quotient of 

o (g(°)) 

Cq{G)®Cq{G) (which can be identified with Cq{G 2 )) by the ideal gener- 
ated by the functions (£1,22) f(s{xi))g(xx,x 2 ) — f(r(x 2 ))g(xi,x 2 ), 
where a?i, x 2 are in G, f in Cq(G^), g in Co(G 2 )', a non zero character 
on this algebra is a couple (xi,x 2 ) such that s(xi) = r(x 2 ), i.e. an 
element of G {2) ] so, we can identify C (G) s®7 C (G) with C Q (G {2) )- 



5.7. Proposition. Let (X, a, A, ip) be a measurable continuous field of 
C* -algebras; let tt^ be the representation Cq(X) — C*-algebra A on the 
C* -module S^; let us consider the Cq{X) — C* -algebra A ® m A; then, 



N 




i=lj=l 



Co(X) 
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for any x G X : 

(i) for any finite family a,i, of elements of A, we have : 

||(7iyc ® m v)C a * ® b i)W ^ \\y2( a i ® m h i)\\ 

i i 

and, therefore, we can define a representation n^x ® m n^x of A ® m A, 

C (X) Co(X) 

which is equal to (tt^ ®c (x) ^<p)x,' 

(ii) we have : 

Ker(n v ® Co ( X ) n v ) x = a(C x (X))(A ® m A) 

Co(X) 

(Hi) the C (X)—C* -algebra A ® m A is a continuous field of 'C* -algebras 

Co(X) 

and (A ® m A) x = A x ® m A x 

Co(X) 

Proof. The tensor product £ v <S>c (x) is a C (X)-module defined, for 
Vi, V2, zi, z 2 in 9^, by : 

< A T (j/i) ®c (x) A T (^i), A T (y 2 ) <S>c (x) A T (z 2 ) > 

=< T{y* 2 y 1 )A T {z 1 ),A T {z 2 ) > 

which is equal to : 

T{z* 2 T{y* 2yi ) Zl ) = T(T(y* 2yi )z* 2Zl ) = T( 2 / 2 *y 1 )T(z 2 *z 1 ) 
and the C (X)-representation n v <S>c {x) is therefore defined by : 

< (^®Co(x)7r ( p)(^a i (g)c' o( x)&i)( A T(yi)®c (x)A T (zi)), A T (y 2 )® Co{X )A T {z 2 ) > 

i 

= J2ny*2^yi)T(z* 2 b tZl ) 

i 

Specializing, we obtain, because {£^ x = H^x and {ir^x = ir^x, that : 
((k<p®c (x) n <p ) x (^2a i ®Co(x)bi)(A ip x(y 1 )®A ip x(z 1 ))\A ip x(y 2 )®A ip x(z 2 )) 

i 

is equal to : 

^2<p x (V20iyi)<P x (4biZi) = ^2<p x (yZa i y 1 )(p x (4b i z 1 ) 

i i 

which is : 

((iTtpx <g) 7T y x)(y^ di ® b i )(A ip x(y 1 ) <g> A ip x(z 1 ))\A lfi x(y 2 ) ® A tp x(z 2 )) 

i 

from which we get (i). 

Let now Y in Keriji^ ®c${X) ^ip) x \ let us write Y as an infinite sum 
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^2- di ® m bi, norm converging in A £g> m A; by the same calculation as 

C (X) ' ' Co(X) 

above, we obtain, for all y and z in 91^, that : 

Y^V x (y*ata iy )v x (z*b*b iZ ) = 

i 

which, implies, that, for all i, either 71"^ (a«), or Tiy^&j) is equal to 
0; which, using 15.31 means that, for all i, either a iy or bi belongs to 
ac(C x (X))A] and, therefore, for all i, the element a, ® m h belongs to 

Co(X) 

(a(C x (X)) ® m 1){A ® m A), which implies (ii). 

Co(X) C (X) 

We get (iii) by ([B2], 3.3 and 3.22). □ 

6. Measured quantum groupoids with a central basis 

We deal now with a generalized measured quantum groupoid (3 = 
(N, M, a, j3, T, T, R, v, r t , 74), such that the von Neuman algebra a(N) 
is included into the center Z(M). Then, we get that it is a mea- 
sured quantum groupoid (jfi.lf i)). and that the C*-algebra A n (W) is 
a Co(X) — C*-algebra (jOf ii)). which is a measured continuous field 
of C*-algebras, in two different ways (via a, or via (3). We obtain a 
Plancherel-like formula for the coproduct V ()6.7|) . which gives that the 
coproduct sends the C*-algebra A n (W) in the min tensor product of 
the C Q (X) - C*-algebra A n (W) by itself (jEU). We finish by consid- 
ering the case of an "abelian" measured quantum groupoid (i.e. the 
case when the underlying von Neuman algebra itself is abelian; then 
we prove that it is possible to put on the spectrum of the C*-algebra 
A n {W) a structure of a locally compact groupoid, whose basis is the 
spectrum of C*(u) ()fi.9|) . Starting from a measured groupoid equipped 
with a left-invariant Haar system, we recover Ramsay's theorem which 
says that this groupoid is measure-equivalent to a locally compact one 
(RTTUJ) . 

6.1. Lemma. Let (5 = (N, M, a, (3, T, T, R, u, r t , 7t) be a generalized 
measured quantum groupoid, such that the von Neuman algebra a(N) 
is included into the center Z(M); then : 

(i) the generalized measured quantum groupoid is a measured quantum 
groupoid (therefore j t = id); moreover, the von Neuman algebra /3(N) 
is included into the center Z(M) and the representation f3 is equal to 
a. 

(ii) Let X be the spectrum o/C*(z/); then the C* -algebra A n (W) is, in 
two different ways (via a and via (3) a Co(X) — C* -algebra, in the sense 
of Kasparov- Blanchard ([Ka], [BI]). 

Proof. Let S be the modulus of 0; as 5 lt commutes with a(n), for all x 
in iV and t in R, we get, using POl that 7 4 = id, which proves that is a 
measured quantum groupoid. As (3 = Roa, we get that /3(N) C Z(M). 
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Moreover, the definition of (3 given in 14.11 finishes the proof of (i). 
Bv ETOT iv). we get that a(C*(i/)) C M(A n (W)), and with the hypoth- 
esis, we get that a(C*(u)) C Z(M(A n (W)), which gives the result; the 
same holds if we take f3 instead of a. □ 

6.2. Theorem. Let C5 = (N, M, a, P, T, T, T', v) be a measured quan- 
tum groupoid, such that the von Neuman algebra a(N) is included 
into the center Z(M), and let X be the spectrum ofC*(u). As N = 
M(C*(u)), we shall identify N with Cb(X), and, for any a in (resp. 
97ty /y ), we define T x (a) (resp. T fx (a)) as T(a)(x) (resp. T'(a)(x)); we 
obtain then lower semi- continuous weights T x on (resp. T' x on 
Tl^,,), and we shall denote T x (resp. T' ) their extension to A + 12. 81 
[B]): 

(i) Let T = (T x ) xe x; it is a measured continuous field of C* -algebras 
over X , in the sense of \5.4\ 

(ii) Let V = {V ) x( zx; it is a measured continuous field of C* -algebras 
over X , in the sense of\5.J\ 



Proof. For any a G 9JtJ, the function x \— > T x (a) is equal to T(a), and 
is therefore in N = C&(X); then we get that it is a continuous field of 
weights, in the sense of 15.21 which gives (i). Property (ii) is proved the 
same way. □ 

6.3. Corollary. Let (5 = (N,M,a, /3,T,T,T' \v) be a measured quan- 
tum groupoid, such that the von Neuman algebra a(N) is included into 
the center Z(M). If x, y are in A n (W), the application x <8> y ( — > 
\\z p®a 2/ 1 1 extends to a C*-semi-norm on the algebraic tensor product 

N 

A n (W) ® A n (VK) and to a C*-norm on the quotient of this algebraic 
tensor product by the ideal generated by the operators of the form 

{xf3(f) ®y-x® a(f)y, x,y E A n (W), f e N} 

Therefore, the C*-algebra generated on H p® a H by all operators xp® a y, 

v N 

for x, y in A n (W) can be considered as the min tensor product of the 
C (X) - C* -algebra A n (W) (via p) by the C (X) - C* -algebra A n (W) 
(via a ). 

Proof. This is just an application of 15.51 □ 

6.4. Lemma. In the situation of ]6.1l let (ej)j E / be an (a, v)- orthogonal 
basis of LI; then, we have : 

(i) for all r)2 in D( a H, v), and r\\ in D( a H, v) D D(Hp, v) : 



id){W)t = Y,*(<*d*uj^){W)Vi ,V2 > 
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(ii) for all £1 in D(Hp, v), £ 2 in D( a H, u)f]D{Hp, v) and rj in D( a H, v) 
(^1,6 * id)(W)*r) = J^a(< {id * oj eitV ){W)^ >p, u )e i 

i 

Proof. We have : 

i 

Let now ( be in H; we have then : 

((uJ vltV2 *id)(W)£\C) = S ^{{id*u^ ei )(W)7]i a ® a e i \r] 2a ® a () 



[^2a(< id* U}^ ei )(W)rii,T]2 > a ,v)ei\() 



from which we get (i). 
We have : 



i 

Let now ( be in H; we have then : 

i v v 

= <*{< 6, {id * u e . iV ){W)^ >p, v )ei\C) 

i 

which finishes the proof. □ 

6.5. Lemma. In the situation of \fj.l\ let (ej)j 6 j be an {a, v)- orthogonal 
basis of H and J a finite subset of I; let us write pj = Sj g j6' a ' !/ (e i , e^); 
then, for all S 1; H 2 in H p® a H , the finite sum : 

J2{{id * u eiiV ){W) p(g) a {id * ^, ei )(W))H 1 |H 2 ) 
JG j N 

is equal to the scalar product of the vector : 

{o~u o®o Lo) (Lf) a®a W)a 2v (ls$ /3®a 0- v o){l^p® a (1 pj)W){Zip® a ^) 
N N N N N „ 

with the vector H 2 a ® a i] 

Proof. Let & be in D(Hp, u), £ 2 in D( a #, u)nD{H,3, u), rji in £>( a F, i/)n 
D{Hp,v) and r/ 2 in D( a H,v). If we take = £i p® a rji and H 2 = 

(.2 p®a f]2i the scalar product we were dealing with is equal to : 

V 

J2( a (< {id*uj eur ,){W)Ci,^ 2 >p, v ){id*u^ e .){W)r] l \r l2 ) 
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Using the commutativity of N, we consider a(< e^, > a>v ) (id*u^ e J (W) , 
which is equal to (id*uj^ a ^ <e ^ ei>au y i )(W) 1 thanks to the commutation 

relations of W, and the fact that a = (3. But by 12. Q we know that 
a(< ei,ei > a ,u)zi = £i, and therefore : 

a(< e h ei > a ,„)(id * u^ ei )(W) = (id* u^ ei )(W) 

So, this scalar product is equal to : 

VVa(< (id * ^e t ,r 1 )(W)^ 1 ,^ 2 >p,v)(id * u^.)(W)r]i a ® a a ® a e*) 

which is : 

y^(a(< (id* u ei ^)(W)ii^ 2 >p,v< (id * LO^ ei )(W)rii, 7] 2 > a ,u)ei\ei) 

iGJ 

This is equal to to the scalar product of : 

J^ct(< (id*w €iet )(W>/i,»72 >a,u)ei 

with : 

J2 a (< &,(id*u ei}V )(W)£ 

which, thanks to l(i.4[ is equal to : 

((u^ 2 *id)(W)pj( %d){W)i\ri) 
Coming back to the calculations made in 13.61 we get it is equal to : 

(W(t] X p ® a 0|r/ 2 a ® a Pj(co^ 2 * id)(W)*ri) 

Defining now Q, Q as in 13 A\ we get that it is equal to : 

(W(7] X p® a 0|?72 a®a V«(< (i, Cl >P,u)pjQ 

v i 

Using E3J it is equal to the scalar product of : 



with : 



N N v v 



n) 

v N v 



which is equal to the scalar product of : 

CT2v(lS) (3®a Ci/)(lsj (1 a<&cx Pj)W)(£l p<3 a 7]i p® a 

N N N v v 

with : 

n) 

V V 

from which we get the result, by linearity, continuity and density. □ 



48 



MICHEL ENOCK 



6.6. Proposition. Let (N, M,a, (3,T,T,T f , v) be a quantum groupoid 
in the sense of Lesieur ([LI], [L2]), and let us suppose that the von 
Neuman algebra a(N) is included into the center Z(M); let (e$)j £ j be 
an (a, v)- orthogonal basis of H and J a finite subset of I; let us write 
pj = Sj g j6 ,a ' r (ej, Ci); let k\, k 2 in JC a ,v, £ in D( a H,v^), r\ in H; then, 
we have : 

Umj\\(k 2 a®a (1 -p^WihT] p® a £)\\ = 
N u 

Proof. Let rji in D( a H, v) fl D(Hp, v) and r\ 2 in D( a H, u); we have : 

R a >»(pj(u m>V2 * id)(W)$ = P j(co VuV2 * id)(W)R a > v (t) 
and, therefore : 

id){W)i> <x,v 
R a >»(0*(oo Vl , V2 * id)(Wy Pj (u vltV2 * id)(W)R a > v (t) 
which is increasing with J towards 

Q.l/ 

Let X be the spectrum of C*(u), and let us identify C*(z/) to C (X); 
using then Dini's theorem, we get it is norm converging, from which 
we infer that : 

limj\\R^{{l - pj){u m , m * id){W)i)\\ = 
But, by I6.4f i). we have : 

(1 - pj)(uJ m , V2 * id)(W)£ = E^ja(< (id * uj^ ei )(W)r]i, rj 2 > a ,vYi 
and, therefore : 

R a > v ((l- Pj )(u Vum *id)(W)t) = ^jR a ' u ( ei ) < (id*uz :ei )(W) Vl ,ri2 > a ,u 
and : 

\\R«> v ((l- Pj )(uJ num *id)(W)t)f = 

< (id*LJt, ei )( w )Vi,m >* a , u < (id^uj^JiW)^,^ > a>v || 

We have : 

< (id* UJ^ ei )(W)r]i,7] 2 > a ,u= 

R a > u (v2y(pryw P f a R a > v ( Vl ) = 

(p% a y(R a > v (r)2)* a ® a iWp^R^^) 

and, therefore : 

E^j < (id* uj^e^W)^,^ >* a , u < (id*uj^ e J(W)r] 1 ,7] 2 > a ,u= 

R a ' v (Tliy(Pt a yW*(9^(^ 2 ) a ® a (1 - Pj ))Wpf a R a > v ( Vl ) 
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and its norm is equal to : 

11(^(^2,^2) *® a (l- P j))Wpf a R^( Vl )\\ 2 
N ^ 

So, we have that : 



UmjW^farn) a ® a (l- P j))Wf4' a R a ' v ( Vl )\\ = 

N 

and, therefore : 



limj\\(9 a ' v (r) 2 ,r) 2 ) a ® a (1 - P j))Wpf a 9 a >»( Vl , Vl )\\ = 
and we get : 

Umj\\(9 a ^( V2 , V2 ) a ® a (l-pj))W(e a >"(ri l ,7i 1 )rif ) ® a Z)\\ = 

N „ 

from which we get the result. □ 

6.7. Theorem. Let (N, M, a, P,T,T,T',v) be a measured quantum grou- 
poid in the sense of Lesieur ([LI], [L2]), and let us suppose that the von 
Neuman algebra a(N) is included into the center Z(M); let (ej)j £ / be 
an (a, v)- orthogonal basis of H; then, we have, for all £ ; 77 in D( a H, v) 

r((id * ws,n)(W)) = YVid * u ^){ w ) p® a (id * u (>ei ){W) 
where the sum is weakly and strictly convergent. 

Proof. Let £, 77 in D( a H, u). Using IB3| we get that, for all finite J G I, 
we have : 

\\J2((id*u; ei>ri )(W) p® a (id*u^)(W))\\ < 11^(01111^(^)11 

iGJ N 

Let £1 be in D(H fi ,v), £ 2 in D( a H,u) H D(H p ,u), 771 in D( a H,u) H 
D(Hp, v) and 772 in D( a H, v)\ using RTTT^ we get that the scalar product 

(r((«d * ^)(^))(6 p®a ?7l)|6 %) 

is equal to : 

((ub A *id)(W)(cj m ,v*id)(W)Z\Tj) 
which, thanks to the calculations made in 16 .5[ is equal to : 

y](.( id * iU e l ,r 1 )(W)^ 1 p®a (id * Ufa) (W)7fr|6 »&) 
i " v 

Using then 14. 5| we get the weak convergence. 
Moreover, we get, using 1631 that, for any k\, k 2 in K a>v : 

\(Eitj(id * io euV )(W)£ x p ® a k{(id * aj^ e .)(W)k 2 7] 1 \^ 2 p ® a r] 2 )\ < 

V V 

(l-p J ))W(k 1 

OWUl /3®a V1WU2 p®a 7/2 1 1 
N v v v 
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from which, thanks to 16.61 we get that : 

limj\\(Ei<jtj(id * u e ^){W) p ® a k{(id * uj^ ei ){W)k 2 \\ = 

N 

which gives the result. □ 

6.8. Theorem. Let (N,M,a, /3,Y ',T,T' \v) be a measured quantum grou- 
poid in the sense of Lesieur ([LI], [L2]), and let us suppose that the von 
Neuman algebra a(N) is included into the center Z(M); then, for all 
x in the C* -algebra A n {W), T{x) belongs to the multipliers of the C*- 
algebra generated by all elements of the form a p® a b, where a, b belong 

N 

to A n (W); usingKM we get that T(x) G M(A n (W) p®™ A n (W)). 

Proof. Let £, r\ in D( a H, v)\ using l6~T| the operator T((id*u^)(W)) is 
a strict limit of elements in A n (W) p® a A n (W), and therefore belongs 

JV 

to M(A n (W) p® a A n (W)), from which we get the result, by definition 
of A n (W). □ 

6.9. Proposition. Let (N,M,a.,j3,Y,T,T',v) be a quantum groupoid 
in the sense of Lesieur ([LI], [L2]), and let us suppose that the von 
Neuman algebra M is abelian; let us write Q for the spectrum of the 
C* -algebra A n {W), and for the spectrum of the C* -algebra C*(u). 
Then : 

(i) there exists a continuous open application r from Q onto G^°\ such 
that, for all f E C (Q^) = A, we have a(f) = for; there exists 
a continous open application s from Q onto Q^>, such that, for all 
feC (gW)=A, wehave(3(f) = fo S . 

(ii) then, there exists a partially defined multiplication on Q, which 
gives to Q a structure of locally compact groupoid, with Q^> as set of 
units. 

(Hi) The application defined for all F continuous, positive, with com- 
pact support in Q, by F i— > a _1 (T(F))(u), defines a positive Radon 
measure X u on Q, whose support is Q u . The measures (X u ) ue g(o) are a 
Haar system on Q . 

(iv) the trace v on C*(z/) leads to a quasi-invariant measure (denoted 
again by v) on Q^> . If we write [i for the measure on Q constructed 
from v and the Haar system, we have then : 

(N, M, a, (3, Y) = (L°°(g(°\v), //), r g , s g , T g ) 

where rg, sg, Tg have been defined in \2.fA Moreover, then, the operator- 
valued weights are given, for any positive F in L°°(Q, v) by : 

T(F)(u) = [ Fd\ u 
Jg 
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where X u is the image of X u under the application (x i— > x 1 ). 

Proof. As a(N) C M(A n (W)), we can construct by restriction a con- 
tinuous application r from Q into Q(°> such that, for all / G Co((?^) = 
C*(z/), we have a{f) = f ° r; we can construct the same way a contin- 
uous application s from into such that, for all / G Co^ -*) = 
C*(z/), we have /?(/) = f or. The applications r and s are open by 
([B2], 3.14), which gives (i). 

The application R from An^W) into itself leads to an involutive appli- 
cation in Q, we shall write x \— ► x^ 1 , and, using that R o a = j3, we get 
that r(x _1 ) = s(x) and = r(x). 

Thanks to !6.2l we may apply ED to A n (W), which we identify to Cq(Q), 
and we obtain that the commutative C*-algebra A n (W) p®™ A n (W) 



is the quotient of A n (W) <g> A n (W) (identified with C (£ 2 )) by the 
ideal generated by all the functions (xi,X2) >— > f(s(xi))g(xi, x?) — 
f(r{x2))g{x\ 1 X2) 1 where x±, X2 are in Q, f in C*(u) (identified with 
C (Q^)), and g in C (Q 2 ). So, a non zero character on A n {W) /3<S>™ 



A n (VF) is a couple (^1,^2) in £ 2 such that s(x-\) = r(x 2 )] let us write 

for the subset of such elements of Q 2 . 
So, we shall identify A n (W) ^ A n (W) to C (£ (2) ). Therefore, we 

C*(u) 

see that the restriction of F to A n (W) leads to a continuous applica- 
tion from into Q, which gives to Q a structure of locally compact 
groupoid, which is (ii). 

As A n (W) H is a dense ideal in ^(W 7 ), it contains the ideal 
K{Q) of continuous functions on Q, with compact support; for all 



F in K(Q), a~ 1 {T{F)) belongs to C b (£ (0) ), and, for all u G 



F 1 — > a _1 (T(.F))(w) defines a non zero positive Radon measure A" on 
Q\ it is now straightforward to get, from the left invariance of T, that 
(A") ug g(o) is a Haar system on the groupoid. Starting from R o T o R, 
we obtain measures A u , which are the images of X u by the inverse. 
The modulus 5 of the measured quantum groupoid gives that the trace 
v on C*(z/) leads to a quasi-invariant measure fi on 
Now, by density reasons, we shall identify iV with L°°(^^ \ //), M with 
L°°(G,[i), where /1 is the measure on Q constructed from \i and the 
Haar system, a with rg, (3 with sg, T with Tg, and we obtain the 
required formulae for the left and right Haar systems. □ 

6.10. Ramsay's theorem. Let Q be a measured groupoid, with 
as space of units, and r and s the range and source functions from Q 
to Q(°\ with a Haar system (X u ) uE g(o) and a quasi-invariant measure 
[i on Q(°K Let us write v the associated measure on Q. Let Tg, rg, sg 




C*(u) 
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be the morphisms associated in \3.cA Then, there exists a locally com- 
pact groupoid Q, with set of units Q®\ with a Haar system (^ u ) ue g(p), 
and a quasi-invariant measure (1 on such that, if v is the mea- 
sure on Q constructed from Ji and (^ u ) u& g(o), we get that L°°{Q^ \ ix) is 
isomorphic to L°°(Q(°\ fi), L°°(Q, v) is isomorphic to L°°(Q,u), these 
isomorphisms sends ll on Jx, v on v , rg and sg on rg and Sg, Yg on 
Yg, and the operator-valued weight constructed with (A") ue g(o) on the 
operator-valued weight constructed with (^ u ) u£ g(o) ■ 

Proof. Let us applv RT^l to the commutative measured quantum groupoid 
constructed from the measured groupoid Q. Then, we get the re- 
sult. □ 



7. C*-MEASURED QUANTUM GROUPOIDS (WHEN THE BASIS IS 

CENTRAL) 

In this chapter, we define C* measured quantum groupoids, when 
the basis is central. In that case, we can use the notion of measured 
continuous fields of C*-algebras, defined in 15.41 We need then to de- 
fine appropriate notion of coproduct (|7.2J) to define C*o(X)-Hopf alge- 
bras; we define also left (resp. right) invariant C*-weight (|7.2jl . and 
we give a definition for C* quantum groupoids (|7.8jl : starting from a 
measured quantum groupoid, with a central basis, we obtain that the 
C*-algebra A n (W) has a natural structure of a C* quantum groupoids 
([7.9)1 : more precisely, we obtain that it is, in a certain sense, the great- 
est one ()7.1Uf v)): conversely, starting from a C* quantum groupoid, we 
obtain a measured quantum groupoid ([7. ID)) . 

7.1. Definitions and notations. Let (X, a, A, ip) and (X, (3, A, iji) be 
two measured continuous fields of C*-algebras, in the sense of 15.41 we 
have seen in chapter El that it is possible to consider the minimal tensor 
product of the C*o(X)-algebras A (via 0) with A (via a), which will be 
denoted A p®™ A. 

C (X) 

This C* algebra is clearly, via the morphisms / i— > u(f) /j®^ 1 1 and 

Co(X) 

f i— > 1 p®™ /3(f), a C*o(X)-algebra, in two different ways, and we can 

C (X) 

consider the minimal tensor product (A /3<8>^ A) A, which is, as 

CoPO Co(X) 

A is a continuous field of C*-algebras, using ([Bl], 3.1), given by the 
minimal C*-norm on the algebra obtained by taking the quotient of the 
algebraic tensor product of A p®™ A with A, by the ideal generated by 

c (X) 

the elements of the form 

{X(l p(Z% (3(f )) ® a - X ® a(f )a, X e A p®™ A, a e A, f e C (X)} 

C (X) Co (*) 
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We can also consider the C*-algebra A p®™ (A p®™ A), and, using 

Co(X) C (X) 

([Bl], end of chapter 4), we get that these two C*-algebras are equal, 
and shall be denoted by A p®™ A p®™ A. 

C (X) C {X) 

Let now consider an injective *-homomorphism T from A into the mul- 
tiplier algebra M(A p®™ A), and let us denote again F its extension to 

Co(X) 

M(A). Let us suppose that, for any / in C (X), we have : 

T(a(f)) = a(f) p®™ 1 

C (X) 

T((3(f)) = 1 p®™ (3(f) 

Co(X) 

and let us consider the *-homomorphism T ® id from the algebraic 
tensor product A ® A in the C*-algebra M(A p®™ A p®™ A), which 

C {X) C {X) 

contains M(A p®™ A) p®™ A. We have, for any a±, a 2 in A : 

C (X) Co(X) 

(r ® id)((3(f)a l ®a 2 -a 1 ® a(f)a 2 ) = 

(1 p®™ (3(f))T( ai ) p®™ a 2 - r( 0l ) p®™ a(f)a 2 = 

Co(X) C (X) C (X) 

and, therefore, this application goes to the quotient, and, using the min 
property, to the closure A p®™ A, and we shall denote it then Y p®™ id. 

Co(X) Co(X) 

The definition of id p®™ T is done the same way. 

Co(X) 

For any a in 91^,, let now (for b G A) u a {b) be the image by a of the 
function x \— > ip(a*ba); u a is a continuous field of positive linear forms on 
the Co(X)-algebra A (via a) defined in 15 .41 Let v be a poitive measure 
on X, whose support is X; let us denote $ = J x ip x dv{x) be the lower 
semi-continuous semi-finite KMS faithful weight on A constructed in 
15 .4| let a be the representation of L°°(X, v) on H<$, and T be the normal 
faithful semi-finite operator valued weight from 7T^(A)" to a(L°°(X, u)) 
as constructed in !5.3| as oj a {b) = At(o)* : 7r<p(6)Ay(a), it is possible, using 
Oand ([Bl], 4.1), to define (id p®™ u a ) from A p®™ A on A, and, by 

Co(X) C (X) 

extension, from M(A p®™ A) on M(A). 

Co(X) 

For any b in < Xl l p, we define as well u)b(a) as the image by (3 of the 
function x i— > ip x (b*ab) and (uj^ p®™ id) from A p®™ A to A, or from 

Co(X) C (X) 

M(A p®™ A) to M(A). 

C (X) 

7.2. Definition. Let X be a locally compact space, A a C*-algebra, 
a (resp. (3), a non degenerate *-homomorphism from Cq(X) into 
Z(M(A)), <p (resp. ip) such that (X,a,A,^) (resp. (X, (3, A,ip)) is 
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a measured continuous field of C*-algebra, as defined in 15.41 Let us 
consider the minimal tensor product A p®™ A as constructed in l7-H let 

C (X) 

now T be a non degenerate *-homomorphism from A into M(A p®™ A), 

C (X) 

such that, for any / in C (X), we have : 

r(a(/)) = a(f) p®™ 1 

C (X) 

T(J3(f)) = 1 p®™ (5(f) 

C (X) 

and let us suppose that : 

(Y p®™ id)Y=(id p ®™ Y)Y 

C (X) C (X) 

where Y p®™ id and id p®™ Y had been defined in 17. II Such an appli- 

C (X) C (X) 

cation will be called a Co(X)-coproduct. 

Moreover, we shall suppose that, for all c in A, for all a in OT^, and b 
in 9^, the elements (id p®™ u a )Y(c) and (u;& p®™ id)(Y(c)) belong to 

C (X) Co(X) 

A (and not only M(A)). 

Such a 7-uple (X, a, (3, A, Y, (p, ip) will be called a C (X)-Hopf algebra. 

7.3. Example. Let Q be a locally compact groupoid, as defined in 
[SHU We have seen in 15.61 that Cq(£?) is, in two ways (via r and via s) a 
continuous field of C*-algebras over and that the tensor product 
C (G) s®? C (G) can be identified with C (Q^). So, the product of 

c o (0<°>) 

the groupoid leads to a coproduct in the sense of 17.21 

If / belongs to C (G), and if g belongs to C (Q) n ( n L 2 (£, A")), let 

us consider the function on Q : 

sh+ f dfi(u) [ f(st)\g\ 2 (t)d\ u (t) 
Jg(o) Jg u 

If both / and g belongs to JC(G), this function belongs also to K.(G), 
and, therefore, by continuity, it belongs, in general, to Cq(Q). So, we 
get that (0(°>, f, s, C o (0), r , A", X u ) is a C o (0 (o) )-Hopf algebra. 

Conversely, if A is an abelian C*-algebra, and (X, a, (3, A, Y, (p, ip) is 
a C (X)-Hopf algebra, let us identify A with C (Y), where Y is the 
spectrum of A; then, by transposition, a (resp. 0) gives a continuous 
application from Y to X, which is open by ([B2], 3.14); writing Y^ 
the subset of Y 2 made of couples (x,y) such that s(x) = r(y), we may 
identify A p®™ A with C (Y^), and, by transposition of Y, we get 

Co(X) 

a continuous product from Y^ to K which gives to Y a structure of 
locally compact groupoid. 
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7.4. Definition. Let (X, a, /3, A, T, ip, if)) be a (7 (X)-Hopf algebra. Then, 
(f will be said left-invariant with respect to T if, for all a G 9Jl v , all 

b G 9T^, we have, for all x G X : 

^((w 6 ^ zrf)(r(a)) = ^(6*6)^(0) 

C (X) 

and ■?/> will be said right-invariant with respect to V if, for all b G 3Jt^ , 
all a G OT^, we have : 

rdidpK u a )T{b)) = V x (a*a)ip x (b) 

Co(X) 

Moreover, T will be said simplifiable if : 

(i) A is equal to the norm closure of the subspace generated by all the 
elements of the form (id u) a )T(x), where x is in A and a is in 91^; 

Cq(X) 

(ii) A is equal to the norm closure of the subspace generated by all the 
elements of the form (u>b p®™ id)(T(x)), where x is in A and b is in 91^,. 

Co(X) 

Coming back to the case of a locally compact groupoid (|7.3J) . it is 
straightforward to verify that the Haar system A" (which gives a con- 
tinuous field of weights bv 15.6)1 is left-invariant, and that X u is right- 
invariant. Taking now an approximate unit ([Rl], 1-9), one can prove 
that any function / in JC(Q) belongs to norm closure of the subspace 
generated by all elements of the form (id UJ gWg(f)i where g is 

c (g(°)) 

in K.(Q); from which we deduce that Tg is simplifiable. 

7.5. Lemma. Let (X,a,/3,A,T,(p,if)) be a Co(X)-Hopf algebra, and 
let us suppose that ip is left-invariant. Let v be a positive Radon mea- 
sure on X, with support X. Let us write $ = j x ip x du(x) , ^ = 
f x if> x du(x), a (resp. (3) the representation of L°°(X,v) on H<$> (resp. 
Hy) which extends a (resp. f3). Let us write $ (resp. \& ) for the 
normal semi-finite faithful weight on ir$(A)" (resp. tc^(A)") which ex- 
tends $ (resp. ty), and T (resp. S) for the normal semi-finite faithful 
operator-valued weight from it$(A)" to a(L°° (X , v)) (resp. from tt^ (A)" 
to f3(L°°(X, u)) ) which extends ip (resp. ip). We shall consider A p®™ A 

C (X) 

as a C* -algebra on H^, -s®a H®, as explained in \5.5\ Then : 

V 

(i) for any a in OT^flDTj,, x in OT^nDt*, £ in D((Hy)p, v°), the operator 

(uj^AvixU p*aid)T(a) 

N 

belongs to 91^ H OT^. 

(ii) for any a mOT^nOT$ ; x mOc^flOT^, and (£j)i 6 j an ([3, u)- orthogonal 
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basis of Hy, the sum : 

6 P®* A ¥7( ( u J* a A-s 2 (*) S id ) r ) 
iel " 

converges in H^-p®aH<$,, and it does not depend on the u°) -orthogonal 

v° 

basis of Hy. 

Proof. The operator X = (ujj 9 A^(x),^]3*aid)T(a) belongs to 7r$(y4)". By 

N 

definition, we have : 

= (A£. ( ,))*r(a*)Af (Af )T(a)A5=. w 
< H 2 (^A*( :c )^a^)r(a*a) 

AT 

= ||# v (0|| 2 (A s (a;) ®^)T(a*a)(A s (a;) fe^) 



!^ Al/ (0H 2 K id)r(a*a) 

C (X) 



and, therefore : 



T(X*X) < \\R^(t)\\ 2 T((u x p®™ zd)T(a*a)) 

Cq(X) 

= \\R^(0\\ 2 T(a*a)a o p-\S(b*b)) 

and $(X*X) < || || 2 f x <p x (a*a)ip x (b*b)dv(x), which proves (i). 

Using (i), part (ii) is proved the same way as ([L2], 3.13). □ 

7.6. Proposition. Let (X, a, (3, A, Y, ip, ip) be a Co(X)-Hopf algebra, 
and let us suppose that p is left-invariant. Let v be a positive Radon 
measure on X, with support X. Let us write $ = j x ip x dv(x), $ = 
§ x ip x dv(x), a (resp. (3) the representation of L°°(X,v) on H§ (resp. 
Hq,) which extends a (resp. j3). Let us write $ (resp. ty) for the 
normal semi-finite faithful weight on ir^(A)" (resp. 7r^,(A)") which ex- 
tends $ (resp. ty), and T (resp. S) for the normal semi- finite faith- 
ful operator-valued weight from n^(A)" to a(L°° (X , u)) (resp. from 
7iq,(A)" to f3(L°°(X,v))) which extends ip (resp. ip). We shall consider 
A p®™ A as a C* -algebra on if<j, ; as explained m l 5. 51 Let us 

Co(X) v 

suppose, moreover, that the representation ir^ o a of Cq(X) is square- 
integrable with respect to v, and let us write ~ct2 the representation of 
L°°(X, v) on Hq, constructed then. On the other hand, let us write, for 
all f e L°°(X,v) 

Kf) = 

Then : 

(i) there exists a unique isometry U from Hq,c^®pH<$> into Hy^aH® 
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such that, for any x G OT^ROT^, a G ^flOT^ and orthonormal 
(j3,b , )-basis of Hq,, we have : 

U(J w Ay(x) A$(a)) = y]^^gAj(K <r A g (a),6 id)r(a)) 

(m,) /or all a in 91^ fl 91$, x m fl 9t$, £ m D((H^,)^, u), we have 
A 1 -((a;j_ Av ( a . ))$ zd)r(a)) = (A^' a )*£/( J ¥ A$(x) A$(a)) 

L°°(X,v) v 

(Hi) for all a\, a 2 in 9t v fl 91$, we have : 

(1 J^{a 2 )J^)Upff {ai) = r(ai)p^ A$(a2) 

L°°(A» 

and, /or any x m A, we /iai> e : 

r(x)C/ = U{1 5^ 7T*(z)) 
L°°(X» 

for all f G C (X), we have : 

U{1 a^(g)p 7T$ O a(f)) = (7T* O a(f) p(g)a l)U 
L°°(X,u) L°°(A» 

U(l 7T»0 /?(/)) = (1 73®a TT* O /? (/))£/ 

L°°(Js» L° c (X,i/) 

UfooPtf) 1) = ((1 ^ /§(/))[/ 

L°°(A» i°°(X,i/) 

Proof. Using l73T ii). result (i) is proved the same way as ([L2], 3.14); 
then result (ii) is straightforward, and, using (i) and (ii), results (hi), 
and (iv) are proved as ([L2], 3.16), ([L2], 3.25) and ([L2], 3.22). 

□ 

7.7. Theorem. Let (X,a, /3,A,T,ip,ip) be a Co(X)-Hopf algebra, and 
let us suppose that ip is left-invariant. Let v be a positive Radon mea- 
sure on X, with support X. Let us write $ = j x ip x du(x) , ^ = 
j x ip x dv(x), a (resp. (3) the representation of L°°(X, v) on Hq, (resp. 
Hq,) which extends a (resp. (5). Let us write $ (resp. ^) for the 
normal semi- finite faithful weight on tt^(A)" (resp. 7T^(A)") which ex- 
tends $ (resp. ^), and T (resp. S) for the normal semi-finite faith- 
ful operator-valued weight from 7r$(A)" to a(L°°(X, v)) (resp. from 
iiq,(A)" to P(L°°(X, v))) which extends p (resp. ip). We shall consider 
A /3<S>a A as a C* -algebra on as explained in \5.,5[ Let us 

Co(X) v 

suppose, moreover, that the representation 7r$ o a of C (X) is square- 
integrable with respect to v, and let us write ~ct2 the representation of 
L°°(X, v) on Hq, constructed then. On the other hand, let us write, for 
all f G L°°(X,iy) 
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Then : 

(i) Y is square-integrable with respect to $ ; and there exists an injective 
normal *-homomorphismTi from tt^(A)" to (A)" tt^(A)" such 

that, for all a in A, we have Y 1(71$ (a)) = T(a). 

(ii) the normal representation 012 of L°°(X, v) which extends n^, o a is 
injective. 

Proof. Let x, e in 91^ fl 9t$, v in H^. Using l?ToT iii). we get that : 
F(x)(vp®a %A$(e)) = (1 J$n--f>(e)J$)U(v m <$0A$(x)) 

v L°°(X,v) v 

and, therefore, if v belongs to D^^H^), z/), we have : 

\\r(x)(vp®„ %A*(e))|| < ||e||||i*^'>)||||A*(a;)|| 

and all such vectors v J$A$(e) in r(-#* /f®a -f^*) are bounded 

1 7 i/ 

with respect to $. Using ET!Z1 we get that the set of bounded vectors 
in H^, H<$, is dense, and, therefore, there exists an unique normal 

v° 

representation 1^ of %$,{A)" on this Hilbert space such that r i(vr$(a)) = 
r(a), for all a in A. Using now I7.6f iii) again, we see that, for all a in 
A, we have : 

r\(7T (a))C/ = U{1 7r $ (a)) 
and, by continuity, we get, for any x in 7r$(A)" : 

T\(x)U = U(1 x) 

from which, U being an isometry, we easily get that r\ is injective, 
which is (i). 

Moreover, we get, by continuity, for any / G L°°(X, v) : 

r l (a{f)) = cr 2 {f) ^ 1 

L°°(X,v) 

from which we get the injectivity of 02- □ 

7.8. Definition. Let (X, a, j3, A, T, <p, xjj) be a C (X)-Hopf algebra, and 
let us suppose that <p is left- invariant and ip right-invariant. Let v be 
a positive Radon measure on X, with support X. Let us write $ = 
f x {p x dv(x), $ = j x ip x df{x)] we shall say that (X, a, (3, A, T, ip, if), v) 
is a C*-quantum groupoid if, moreover : 

(a) the representation 71^, oa of Cq(X) is square-integrable with respect 
to v\ 

(b) the representation 7r$o/? of Cq(X) is square-integrable with respect 
to v. 
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7.9. Theorem. Let (N, M, a, (3, Y, T\, T 2 , v) be a measured quantum 
groupoid in the sense of Lesieur, and let us suppose that a(N) is central 
in M; let W be the pseudo-multiplicative unitary of this measured quan- 
tum groupoid; let us consider the C* -algebra A n (W) \3.°A\3.lTk iv)): let 
us consider the C* -algebra C*(z/) (which is then nothing but the norm 
closure ofWl u ) and let X be the spectrum of C*(i/)/ we shall denote by 
v the restriction of v to C*(u), a (resp. f3) the restriction of a (resp. 
(3) to C*(z/). We shall denote T\ (resp. T 2 ) the restrction of T\ (resp. 
T 2 ) to A n (W) n £Dt£ (resp. A n (W) n SDtJJ. Then : 

(i) (X,a, A n (W),Ti) is a measured continuous field of C*- algebras; 

(ii) (X, (3, A n (W), T2) is a measured continuous field of C* -algebras; 
(Hi) T\a„(w) is a C (X)-coproduct of A n (W); 

(iv) for any a in Vlf , b in y\f 2 and x in A n {W), we have : 

{id ou a )T(x) e A n (W) 

Co(X) 

(u b ^ id)T(x) e A n (W) 

Co(X) 

(v) T\ is left-invariant, and T 2 is right-invariant with respect to Y . 

(vi) (X, a, $, A n (W), T\A n (w), v) is a C* -quantum groupoid, and T\a„(W) 
is simplifiable. 

Proof, (i) and (ii) had been proved in I6.2| and (iii) in 16.81 If a belongs 
to A n (W) H 9T Tl n 9t $1 (where $1 = v o or 1 o T x ), we have : 

(id 0™ uj a )T(x) = {id p * a wj Sl A* 1 (o))r(x) 

Co(X) 

which belongs to A n (W) bv 14.111 

Moreover, if a belongs to An(W) fl Otji, and f n is an increasing family 
in Cq(X) converging to 1, we have : 

||A Tl (a(l - a(f n )))\\ 2 = ||(1 - a{f n ))T x {a*a){\ - a{f n ))\\ 

= \\T l {a*a) 1 l 2 {{l-a{f n )) 2 T l (a*a) 1 ' 2 \\ 

As (1 — a(f n )) 2 is decreasing to 0, we get, by Dini's theorem, that 
A Tl (aa(f n )) is norm converging to A Tl (a); therefore, co a a(f„) is norm 
converging to u a , and we get that (id ® m u a )T(x) belongs to A n (W / ) 

C (X) 

for any x in A and a in A n (W) fl OTti- 

The second part of (iv) is proved the same way. 

From the right-invariance of T2, we get that, for all x in An(W) fl 9JlJ 2 , 
and a in A n (W) n <Xt Tl n : 

T 2 ((id f,®% uj a )T(x)) = (3 o a-\u a {T 2 {x))) 

C (X) 
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If now a belongs to A n (W) PI 9Tti, using the same approximation of a 
by aa(f n ), we get that 

T 2 ((id ^ u aa{fn) )T(x)) U T 2 {{id p®™ u a )V(x)) 

C (X) C (X) 

and, on the other hand, that (3 o a' 1 (u> aa (f n )(T 2 (x))) is converging to 
f3oa~~ 1 {uj a {T 2 (x))), from which, we get, by linearity, for all b in A n (W)n 
ajtj 2 and a in A n (W) n 9I Tl : 

f 2 ((id p ®™ u a )Y{b)) = (3 o a-\u a (T 2 (b))) 

C (X) 

and, taking the evaluation at the point x G X, we get : 
f 2 {{id u a )T(b)) = f 2 x (b)f 1 x (a*a) 

Co(X) 

which gives that T 2 is right-invariant. Left-invariance of T\ is proved 
the same way 

Now it is trivial to prove that (X, a, (3, A n (W), T\ An ( W ^ v) is a C*- 
quantum groupoid, and the fact that T\a„(w) is simplifiable have been 
proved in 14.111 □ 

7.10. Theorem. Let (X, a, (3, A, Y, if, ip, v) be a 'C* -quantum groupoid 
\7.$fy . Let us write $ = j x ip x dv(x), ^ = j x ip x dv(x); let a (resp. 
f3) be the representation of L°°(X, v) on H$ (resp. Hq,) which extends 
7r$ o a (resp. tt^ o (3); let T (resp. S) be the normal semi-finite faith- 
ful operator-valued weight from tt^(A)" to a(L°°(X, u)) (resp. from 
iiq,(A)" to /3(L°°(X, z/)) ) which extends (resp. ip); let us write «2 the 
representation of L°°(X, v) which extends n^, o a, and Pi the represen- 
tation o/L°°(X, v) which extends 7r<j, o (3. Then : 

(i) there exists an isomorphism between 7rq,(A)" and Ttq,(A)" which 
makes the representations nq> and equivalent, the representations 
a and equivalent, and the representations (3 and (3\ equivalent; 

(ii) there exists a coproduct V from M = ir^^A)" into M jf[*a M 

L°°(X,v) 

which makes (L°°(X, v\ M, a, f3\, T) be a Hopf-bimodule; 
(Hi) the normal semi-finite faithful operator-valued weight T from M 
to a(L°° (X , u)) is a left-invariant operator-valed weight, and the iso- 
morphism obtained in (i) sends S on a right-invariant weight from M 
to ]3\(L°°(X, v)), we shall denote V . 

(iv) (L°°(X, u), M, a, (3\, T, T, T') is a measured quantum groupoid in 
the sense of Lesieur ([LI], [L2]). 

(v) if T is simplifiable, then A C A n (W), where W is the pseudo- 
multiplicative unitary of the measured quantum groupoid constructed 
in (iv). 
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Proof. Using twice I7~71 we can construct an injective *-homomorphism 
T\ (resp. T2) from n$(A)" (resp. tt^(A)") to 7r^(A)" ^ tc^(A)" such 

L°°(X,v) 

that ri(7r$(a)) = Y(a) (resp. r 2 (vr^(a)) = Y(a)), for all a £ A. So, we 
get that Yi(n$(A)") = r 2 (7r^(A)"), and T 2 Ti gives the isomorphism 
required and (i). With the help of that isomorphism, one gets then (ii). 
If now x is in DTs fl 9t^, and a in 9Tt, we get, by the left-invariance of 
ip, that : 

T{{ujj-a 9 ( x ) id)Y{a*a)) = a(< T(a*a) J w Ay(x), J w A^(x) >^ l/ ) 

which can be written, by density : 

(id p*a T)Y(a*a) = T(a*a) 1 

L°°{X,u) L^(X,u) 

Using now (i), we get that : 

(id -f^*s T)Y(a*a) = T(a*a) -^®-& 1 

L°°(X,u) L°°(X,u) 

and, by normality, we get, for all a 6 9Tt : 

(id ~f^*a T)Y(a*a) = T(a*a) -^®a 1 

L°°(X,u) L°°(X,u) 

which proves that T is left-invariant. 

The proof of the right-invariantness of 5* is the same, which finishes the 
proof of (iii). 

As_a(L°°(X,v)) C Z(M) (re_sp. ^(L°°(X, u)) C Z(M)), we get that 

a?(a(f)) = a(f) (resp. a t Tl (A(/)) = &(/)) for all / G L°°(X,u), 
which finishes the proof of (iv). 

If a belongs to 9t* D D^J, and b to OT^, D 9t$, we have : 
(zd <g> m u b )Y(a) = (id u}j- A<s> (b))Y(a) 

Co(X) L°°(X,u) 

which belongs to A n (W). 

By continuity, this remains true for any a in A; moreover, if b belongs 
to yip, and f n is an increasing family in Cq(X) converging to 1, we 
have : 

||A T (6(1 - a(f n )))f = ||(1 - a(/„))r(6*6)(l - a(/ B ))|| 

= WT^bf^l - oc(f n )YT(b*b) 1 '- i \\ 

As (1 — a(f n )) 2 is decreasing to 0, we get, by Dini's theorem, that 
Ar(6a(/ n )) is norm converging to At(6); therefore, <^6a(/„) is norm con- 
verging to Ub, and we get that (id ® m Ub)Y(a) belongs to A n (W) for 

Co(X) 

any a in A and b in 91^; so, by the simplifiability of Y, we obtain (v). □ 
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7.11. Example. Let Q be a locally compact groupoid, as described 
in 13.31 Then (Q^°\ f, s, C (Q), Tg, X u , \ u , //) is a C*-quantum groupoid, 
and Tg is simplifiable. Applying then 17.101 we recover the fundamental 
example of a measured quantum groupoid described in 14 .'S[ and, in 
particular, we get again that Cq{Q) C A n (Wg), which was remarked in 

run 

8. Continuous field of locally compact quantum groups 

In that last chapter, we define a notion of continuous field of lo- 
cally compact quantum groups (j8.1j) . which was underlying in [B2], 
and which gives examples of the C*-quantum groups introduced in 
We show that these are exactly Lesieur's measured quantum groupoids 
with central basis, such that the dual object is of the same kind ()8.3|) . 
We finish by recalling concrete examples f)8.4l 18.51 18.6|) given by Blan- 
chard, which give, examples of measured quantum groupoids ([L2], 
6.8.3). 

8.1. Definition. A 6-uple (X, a, A, T x , f x , if) x ) will be called a contin- 
uous field of locally compact quantum groups if : 

(i) (X, a, A, ip x ) and (X, a, A, ip x ) are measurable continuous fields of 
C*-algebras; 

(ii) for any iGl, there exists a simplifiable coproduct T x from A x to 
M(A X ® m A x ) such that (A x , T x , tp x , ip x ) is a locally compact quantum 
group, in the sense of [KV1]. 

Let us recall that simplifiable means that the closed linear set generated 
by T X (A X )(A X ® m 1) (resp. T x (A x )(l ® m A x )) is equal to A x ® m A x . 

8.2. Theorem. Let (X, a, A, T x , f x , ip x ) be a continuous field of locally 
compact quantum groups; then : 

(i) there exists a simplifiable C (X)- coproduct T on A such that, for 
any x G X , and a G A, we have T(a) x = T x (a x ); 

(ii) the continuous field of weights = (ip x ) x€ x (resp. ip = (ip x ) x€ x) 
is left-invariant (resp. right-invariant). 

(Hi) (X, a, a, A, T, ip, if), v) is a C* -quantum groupoid, for any Radon 
measure v on X, whose support is X . 

Proof. We get the existence of T by 15. 7| we know that the elements 
(u>A x(b) ® id)T x (a), for all a G A x and b G belongs to A x , and, as 
is simplifiable, we know that A x is the norm closure of the linear 
set generated by such elements. From which we get that the elements 
(ujb <g> m id)T(a), for all a G A and b G belong to A, and, moreover, 

Co(X) 

that A is the norm closure of the linear set generated by such elements. 
Let R x be the unitary co-inverse of the locally compact quantum group 
(A x ,T x ,ip x ,ip x ); we easily get that ipoR= (ip x oR x ) xeX is a continuous 
field of weights, and that, for all x G X, ip x is proportional to ip x o R x - 
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using it, we get the same way that the elements (id <8> m u a )T(b) 

Co(X) 

belong to A for any a in O^oj? and b in A, and that T is simplifiable. 
The left-invariance of tp x gives that, for all a G dJt v x and b G ^Xt^cR*, 
we have : 

^(K^( 6 ) ® id)r'(o)) = ¥>>K o i?(6*6) 

from which we get that (p is left-invariant; we obtain the same way that 
ip is right-invariant. Now, using 17781 we finish the proof. □ 

8.3. Theorem. Let = (N, M,a, /3,T,T, R,v,T t ,yt) be a generalized 
measured quantum groupoid in the sense of Lesieur, and let us de- 
note (25 = (N, M, a, P, T, T, R, u, r t , y_ t ) the dual generalized quantum 
groupoid; let W and W be the pseudo-multiplicative associated; let us 
suppose that a(N) is central in both M and M; then : 

(i) we have a = (3 = (3, yt = id, and (N, M, a, a, T, T, T o _R, v) and 
(N, M, a, a, T, T, T o R, v) are both measured quantum groupoids in the 
sense of Lesieur. 

(ii) let X be the spectrum of the <C* algebra C*(u) and a the restriction 
of a to C*(v) = Co(X); for all x G X there exists on the C*-algebra 
A n (W) x a coproduct T x and a weight <p x such that (X, a, A n (W), T x , ip x ) 
is a continuous field of locally compact quantum groups in the sense of 
lg.il Let W x be the multiplicative unitary associated to the locally quan- 
tul group (A n (W) x ,T x ,{p x ). 

(in) for allx e X there exists on the C* -algebra A n (W) x a coproduct T x 
and a weight (f? such that (X, a, A n (W), T x , (p x ) is a continuous field of 
locally compact quantum groups in the sense o ft8.ll Let W x be the mul- 
tiplicative unitary associated to the locally quantum group (A n (W) x = 
T x , <f x ). Then, we get that W x , W x and that the locally compact quan- 
tum group (A n (W) x , T x , (p x ) is the dual of (A n (W) x , T x , ip x ). 

Proof. As a(N) is central in M, we get a — /3, and applying this result 
to 65, we get that a = (3, which is (i). 

Let us write (p for the continuous field of weights which is the restriction 
of T to A n (W) fl Let us consider now the C*-quantum groupoid 

(X, a, a, A n (W), T\ An{w) , <p,<poR) 

constructed in 17.91 

Using 15771 we get that the coproduct T\a„(w) leads, for each x G X, to 
an involutive homomorphism T x from A n (W) x to A n (W) x ® m A n (W) x ; 
the left-invariance of T leads to the formula (id^)(p x )T x (a) = f x {a), for 
all a in Wl^x, and we obtain that (X, a, A n (W), T x , ip x ) is a continuous 
field of locally compact quantum groups in the sense of 18.14 which is 
(ii). 

We obtain the same way that there exists a continuous field of locally 
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compact quantum groups (X, a, A n (W), T x , (p*)] moreover, as W, in 
that context, appears as a continuous field of multiplicative unitaries 
in C(£ v ®c (x) E v ), in the sense of ([B2] 4.1), and, for all x G X, we get 
that W x is the multiplicative unitary of the locally compact quantum 
group (A n (W) x ,T x ,(p x ). Then, the duality between W and W leads 
to the duality between (A n (W) x , T x , (p x ) and (A n (W), T x , y?), which is 
(iii). ' □ 



8.4. Example. As in ([Bl], 7.1), let us consider the C*-algebra A 
whose generators a, 7 and / verify : 

(i) / commutes with a and 7; 

(ii) the spectrum of / is [0,1]; 

(ot — f*y \ 
^ j is unitary in M 2 (A). Then, using the 

sub C*-algebra generated by /, A is a C([0, l])-algebra; let us consider 
now A as a Co(]0, l])-algebra. Then, Blanchard had proved ([B2] 7.1) 
that A is a continuous field over ]0, 1] of C*-algebras, and that, for all 
q G]0, 1], we have A q = SU q (2), where the SU q (2) are the compact 
quantum groups constructed by Woronowicz and A 1 = C(SU(2)). 
Moreover, using the coproducts T q defined by Woronowicz as 

T q (a) = a® a — qj* <S> 7 

1^(7) = ^®a + a*®^ 

and the (left and right-invariant) Haar state tp q , which verifies : 
if q (a k Y m i a ) = 0, for all k > 0, and m ^ n, 
(pi(a*^*y* m l n ) = 0, for all k < 0, and m ^ n, 
and ^((7*7) m ) = T^fcr, 

we obtain this way a continuous field of compact quantum groups; this 
leads to put on A a structure of C* quantum groupoid (of compact 
type, because 1 G A). 

This structure is given by a coproduct T which is C ([0, l])-linear from 

A to A <g> m A, and given by : 

c (]o,i]) 

r(a) = a ® m a-fY ® m 7 

C (]0,1]) C (]0,1]) 



T( 7 ) =7 ® m a + a* ® m 7 

C (]0,1]) C (]0,1]) 

and by a conditional expectation E from A on M(Cq(]0, 1])) given by : 
E(a k Y m 'l n ) = 0, for all k > 0, and m ^ n 
E(a*^Y m l n ) = 0, for all k < 0, and m^n 

E((Yl) m ) is the bounded function x h-> 1 _ 1 ^l +2 • Then £ is both left 
and right-invariant with respect to Y. 
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8.5. Example. One can find in [B2] another example of a continu- 
ous field of locally compact quantum group. Namely, in ([B2], 7.2), 
Blanchard constructs a C*-algebra A which is a continuous field of C*- 
algebras over X, where X is a compact included in ]0, 1], with 1 G X. 
For any q G X, q ^ 1, we have A q = SU q (2), and A 1 = C*(G), where 
G is the "ax + b" group. ([B2], 7.6). 

Moreover, he constructs a coproduct (denoted 5) ([B2] 7.7(c)), which 
is simplifiable ([B2] 7.8 (b)), and a continuous field of weights (denoted 
$) ([B2] 7.2.3), which is left-invariant (end of remark after [B2] 7.2.3). 
Finally, he constructs a unitary U in £(£$) ([B2] 7.10), with which it 
is possible to construct a co-inverse R of (A, 5), which leads to the fact 
that $ o R is right-invariant. 

8.6. Example. Let us finish by quoting a last example given by Blan- 
chard in ([B2], 7.4) : for X compact in [1, oof, with 1 G X, he constructs 
a C*-algebra which is a continuous field over X of C* algebras, whose 
fibers, for fi G X, are A^ = £7^(2), with a coproduct 5 and a continuous 
field of weights $, which is left-invariant. As in 18 .5| he then constructs 
a unitary U on £(£$), which will lead to a co-inverse, and, therefore, 
to a right-invariant C*-weight. 

8.7. Example ([L2], 6.8.1). Let us return to l8.lt let J be a (discrete) 
set, and, for all i in J, let (A*, Tj, (p i} ^) be a locally compact quan- 
tum group; then the sum ©jAj is a continuous field of locally compact 
quantum groups, and can be given a natural structure of C*-quantum 
groupoid, described in ([L2], 6.8.1). 
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